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Abstract Let h be a measurable function defined on RY xR*. Let Q € L(log LT)"2(S™ ™! x
S™271) (1 < v, < 2) be homogeneous of degree zero and satisfy certain cancellation condi-
tions. We show that the singular integral

Q y17y2 |y1| |y2|)f

s T v v)dindys

Tf(x1,z2) =p. V. /

R71+n2

maps from Spt; @2 F(R”l x R™?) boundedly to itself for 1 < p, ¢ < 00, a1, az € R.

Key words singular integrals; Marcinkiewicz integrals; mixed smoothness; Triebel-Lizorkin
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Introduction

The subject of singular integral operators has been investigated intensively for several

decades. As a consequence, a vast number of interesting results has been discovered by many
authors. Recently, the study of LP-boundedness for singular integrals in product domains
has drawn attention to many mathematicians. For a survey of this topic, the reader may
view [1-11] among many other excellent references. We remark that the condition that £ €
L(log LT)%(8™ =1 x §m271) i5 optimal for the LP(R™ x R™2) boundedness of singular integrals in
product domains. In fact, it was proved in [2] that Ve > 0, there is an Q € L(log L*)?7¢(S™~1 x

Sm271) (satisfying certain cancellation conditions) such that the singular integral

Q' 1,y ) f(1 — Y1, 22 — y2)
|y1 |1 |ya|2

Tof(z1,z2) =p. V. dy: dyo

R71 xR"2

is not bounded on LP(R™* x R™2) for any p € (1, 00).

On the other hand, consider the Marcinkiewicz integral uo(f) defined by

oo 1/2 /
o)) = ([0 ) where Faten) = [ S e pay
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In 1972, the author in [15] showed that if Q € L(log LT)'/2(S™~1) is homogeneous of degree zero
and satisfies the cancellation condition, then the Marcinkiewicz integral pq(f) is a bounded
operator on L?(R™). In 2002, under the same hypothesis of 2 as in [15], the authors in [3]
extended the result in [15] from p = 2 to the whole range 1 < p < co. Recently, the authors in
[10] generalized the above results to Triebel-Lizorkin product spaces as follows.

Theorem 1.1 [10] Let 2 < ¢ < o0, 1< p < oo. If Q € L(log LT)?/9(S™~1 x S*~1), then

H/LQ,qHLP(Rme") < Cm”f”LP(RMXR")-
Theorem 1.2 [10] Let 1 < ¢< 2,1 <p < oo. If Q € L(log L*)¥a+¢(§m=1 x §n=1) for
any € > 0, then

le,qll Lr @ xmry < Cp,quHFQ’Q(Rme")'

Please see [10] for the definition of FS 1(R™xR™). Here the integral operator of Marcinkiewicz

type piq,q is defined by
1/q
ne,qf (@, y) <//|¢st*f T y)lqudt> ;

and the convolution operator ¢ on R™ x R™ is given by

Gstx f(z,y) 25+t // |u|m 1|v|” 1f(x—u,y—v)dudv.
lu| <29, |v| <2t
The purpose of this paper is to investigate whether or not we can weaken the hypothesis
of the kernel ) for the singular integral defined in the abstract. Although it is known that
the kernel € L(log L1)?(S™~! x §"271) is optimal even when h = 1, it turns out that the
condition € L(log LT)?(8™~1 x §"271) can be relaxed to Q € L(log L*)"a(S™1~1 x §n2—1)
(1< uq < 2), provided that we impose a stronger condition on the function h. Indeed, if

h e Lq (R-l‘ % ]R-i— dry de) (% + % — ]\)7 where

?or1 ra

L7 (Rt XR-’_'%%
TryoTy

1/q'
/d’l"ld'l"Q
_{h:||h||Lq,(R+XR+;d:11T22):_<// ()" T2 ) <o,

then vy = 1if ¢ > 2, and vy = 2/¢ if 1 < ¢ < 2. We state some definitions and relevant

background in Section 2 of this paper. The main result and its proof will be given in Section 3.

2 Preliminary Background

2.1 The Homogeneous Triebel-Lizorkin Spaces Fps’q(R")
Fix a radial function ¢ € C°°(R™) such that supp(¢) C {x e R":1/2 < || <2}, 0 <
dlx) <1, ¢(x) > c > 01if 3/5 < || < 5/3, and > ¢;(Jz]) = 1 for all z # 0, where

J=—00

¢;(z) = ¢(27z). Define the functions ¥; by \ifj(C) = %(C), so that (U, * f)(¢) = @(Qf(().
For 1 < p, ¢ < o0, s € R, the Triebel-Lizorkin space F;'9(R") is the space of all tempered



No.4 H. V. Le: A NOTE ON SINGULAR INTEGRALS 1333

distributions f (modulo polynomials) with the norm defined by

oo 1/q
£l oz agny = 27750« f|?
» 1(R™)

j=—0c0

< 00.

Lr(R"™)

See [14] for more information on this subject.

2.2 The Homogeneous Triebel-Lizorkin Spaces 52 oz f(R™ x R™2)

In view of the definition of the inhomogeneous Triebel-Lizorkin space Sp'i; 2 F'(R™ x R"2)
defined in [12, 13], we define the space S5, *2F(R™ x R™?) as follows. We split R"*"2 =
R™ x R"2; and for z, y € R™ "2 we write x = (21, %2), ¥y = (y1,%2), T+y = (1 +T2,y1 + y2),
where x;, y; € R™, i = 1,2. For i = 1, 2, fix a Schwartz radial function ¢ € .#(R") such
that supped c {¢; € Rm 1/2 < |Gl <2}, 6D(G) =0, 6D (G) > ¢ > 0if 3/5 < |G| < 5/3.
For r € R, define ¢ (&) = ¢ (7¢;). Then (Z)(xz) = 77"ig(V)(Z), where z; € R™. Now
let Z(R™+n2) = {f . f e . Z(R™*m2) such that D*f(0) = 0 for every multi-index a}, and let
Z'(R™*"2) be the topological dual of Z(R"**"2). For 1 < p, ¢ < 00, ay, az € R, we define

S F(R™ x R™) = {f € 7/ (RM+m2) HfHS;v}q, o2 fr(Rr1 xRP2) < oo} ,

where

1/q
1) @) dt; diy
1f 1l 01,22 fgms cgnay = H / / 172 (o) ® pi2)) % f(7)|q?€

Lp(Rn1+"2)

Note that the space Sp; @2 [(R™ x R™) is a Banach space for 1 < p, ¢ < oo, and is

independent of the choice ¢(*) (i =1,2) in the sense of equivalent norms. Moreover,
Z(Rnﬁ-nz) C Spa,lq) azF(Rn1 % an) C Z/(Rnﬁ-nz)’

and Z(R™*"2) is dense in S5 @2 f(R™ x R"2). Let p’ (resp. ¢') be the conjugate of p (resp.

g). Then (S;fld oz fr(R™ x R”2)) — S, T2 F(R™ x R™), where (sgld oz f{(R™ x R"2))

is the dual space of Sp' a2 (R™ x R™2). The proof of the above properties of the space

Spa O‘ZF(R"1 x R™2) is essentially similar to the proof of the properties of the space sz 2(R™),
which can be found in [14].

3 Main Theorem

Let R* denote the interval (0,00). For 1 < p < oo, let p’ stand for the conjugate of p, i.e.,
% + % =1.For 1 < ¢ < oo, let €,(RT x R") denote the class of all measurable functions b such

that
1 R> R, 1/q
b = b(ry, 2drd < 00.
H H%(wa) ngfw Rle/o /0 | (r1 7“2)| r1dr2 o0

Note that L® (Rt x R") C €,(RT x RT), 1 < ¢ < 00, and €, (RT x R") C €, (RT x R*) for
1 < ¢ < g <oo. Also let 7, (Rt x RT) stand for the class of all measurable functions b such

that e
dr dr
(1] 7, (r+ xR+ == (/ / b(r1,72)]? — 2) < 0.
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For notational convenience, we use the notation %, (R* x R™) rather than LY(RT x R™; d[ll d;; ).

In the sequel, we split R"1T"2 = R™ x R"2. For z, y € R™T"2 we write z = (1, 72),
y = (y1,y2), and of course x +y = (x1 + x2,y1 + y2), where z;, y; € R™ ¢ = 1,2. Also the
letter C' denotes a positive constant, which may vary at different occurrences. However, it does
not depend on any essential variable.

Theorem 1 Let h be a measurable function defined on Rt x RT. Let Q be an integrable
function on S™ 1 x ™27 (ng,my > 2), which is homogeneous of degree zero with respect to
both variables and satisfies

a) g -1 Qu,v)dpi(u) =0V v e S ! and
fsnz 2 Qu,v)dpz(v) =0V u e SmL
For f € /(R™*"2) define the singular integral T f by

Tf(x1,22) =p. v. K* f(x1,22)

(1, y2)h(|yal, [y2)
o // ly1|™ [y2|"2 [ =y, w2 — y2)dyrdys.

Rn1+n2

Set
2 ifhe @y (R xRY),
vg=11 if h € Ay (RT xRT), and ¢ > 2,
2/q ifhe AR xRT), and 1 <qg<2.

If Q € Llog LT)¥a(S™~1 x S"271) then for any p, ¢ € (1,00), a1, az € R, T has a bounded
extension on S @2 f(R™ x R"2). Precisely,

”TfHSglq’ 2 P(R™1 xR™2) < CP,q ”Q”L(logL*)”q(S"I*IXSTQ*l)HfHSS‘}q’ 2 f(R™1 xR"2)

for 1 <p, g < oo and aj, ag € R.

Proof The proof of this theorem follows some basic ideas in [6]. In order to prove the
theorem, we need the following lemmas. O

Lemma 1 Let p be the product measures on S™1 =1 x S"2=1 (n; ny > 2). Let py and
12 be the measures on S™ ! and S™2~! respectively, which are induced from the product
measure g. We normalize p so that pu(S™ =1 x S"271) = 141 (S™ =) g (S™271) = 1. Let E, =
{(u,v) € S~ x §n271 |Q(u v)| <2}, and for I € N, let By = {(u,v) € ™71 x §m271
28 < |Q(u,v)] <271} Let A(Q) = {l € N: u(E;) > 274}, For | € A(Q), define

ﬂ§”<u> = [ o) (e )desto)
and
Ql(2)(v) = /Sn1 ) Q(va)XEz (u,v)d,ul(u)

Now define a; (I € A(Q)) on S™~1 x §72~1 by

! ni1—1 no—1
m {20 v)xm (w,0) = (5™ 1P () - pa(s™ )0 ()}

|Q||L1<E> // Qu, v)x g (1, v)dpn (u)dps (v).

—lygna—1

ai(u,v) =
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Then each a; satisfies the cancellation conditions as 2 does. Moreover, |[a;|| f1(gn1-1xgn2-1)
< 4 and ||al||L2(Sn171X5n271) < 22143 Now let

QB=0- > |Qu@au=2- > @
leA(Q) 1EA(Q)

Then €, also satisfies the cancellation conditions and [|Q||f2(gn1-1xgn2-1y < C. Conse-

Q=0+ > @

IEA(Q)

quently, Q2 has a decomposition

The proof of Lemma 1 is straightforward, and can be found in [1, 7]. The decomposition of

leads to a decomposition of the corresponding operators:

T=T,+ ) T, (3.1)
1€ A(Q)
where (w1, [y 2w, )
Tif(z // & yj znyl,yg f(@1 = y1, w2 — y2)dyrdye,
[ya [ [yo|"2

Rn1+n2

and similar definition for T, f(z) (with ©, in place of €;). We will show that
||T0f||sg’1q* 2 f(R71 xR"2) < Cp, q ”f”sg}q* 2 f(R™1 xR™2)) (3-2)
||Tlf||sg‘,1q’ 2 [(R™1 xR"2) < Op, q [" ||Q||L1(El) ||f||S§‘,1q’ 2 [(R™1 xR"2)) (33)
for 1 <p, g < oo and a1, as € R. An application of Minkowski’s inequality will yield that

”Tstg}q* 2 f(R™1 xR"2) < ||T0f||s§}d 2 F(R™1 xR"2) + Z ||Tlf||s;j1q 2 F(R™1 xR"2)
leA(Q)

< Op,q (1 + Z ["a ||Q||L1(El)> ||f||51‘7"’1q’ “2 f(R™1 xR"™2)
1EA(Q)

< Op,q (1 + ”Q”L(logLﬂ"Q(Snlfl><S"2*1)) ||f||s;‘}4 2 f(R™1 xR"2)*

The proof of inequality (3.2) is essentially the same as the proof of inequality (3.3). Just
set I = 1 and replace €; by €, in the proof of (3.3), we will obtain (3.2). Therefore to prove
the theorem, it is enough to prove inequality (3.3). For i = 1, 2, let ¢ be a radial function
in . (R™) such that suppe® C {¢; € R™ : 1/2 < |¢;| <2}, 0 < () <1, 6D (G) > ¢ > 0
it 3/5 < |G| < 5/3, and [y, { Z>(2t<)}2dt —1forall G # 0 e R%. Forr e R, define
H(¢) = ¢D(r¢;). Now set @ = ¢ ® ¢ and let Wor gs (21, 72) = ¢4 (1) ® ¢52 (w2) =
2_"1t2_"25¢ D2 tz) ® ¢ (275x,), where ; € R™ (i = 1, 2). Note that Wy ¢ ((r, Go) =

()65 (G2), and [ [n W3 5. (G, G)dtds = 1 for all (¢1,C) # 0 € RMH72. For f €
S (R™*72) denote Syt os f = War 95 x f, and observe that for any fixed [ € N, we have f =
12 [ [gug Satt, 21 St 21: fdtds. For T € R, denote X(i) (y;) to be the characteristic function on

olr
the set {y; € R™ : 27 < |y;| < 2/"+1 1. Observe that

Ty f (w1, 22)
(1,
/ / / / lyllyi/fmy'ji'z 0 s —yr, s — i) ) x 2 2) s s

Rz R”1 +ng
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= //aznlzzs * f(x1,x9)dtds, (3.4)
Rz
where
O'er ols 51,§2
Dy ya)h(yals [920) ey +eo- M (2)
= : el G v2)y P (1) X (y2)dy1 dys
// lya[™ [ya|™> »
Rn1+n2
ol(s+1)  9l(t+1)
) dry d
:/ / / / Qu(u, 0)h(r, ra)el @ Tt dyudy SL 2 (35)
ols olt o T2
Sn1—1xgna—1
For notational convenience, we denote b, = |||z 1(g,), 6, = max{q, 2}, and [|hlly =

’

1(s+1)  _ol(t41) 1/q
( 2T by, )| dw) . Observe that if h € £, (RT x RY), then ||hlly <

2ls 2 1 1o
1l (r+ xty < C < 00. I h € Gy (RT x RY), then |[b]lg < 4127 ||k, @+ ey < C1¥/7. In
either case, the bound of ||h| 4 does not depend on ¢, s € R. We have the following lemma.

Lemma 2

|6t 215 (€1, )| < Co b 1%/ [|B]| o [20F1 & [ [21FD g (
< Cobi P/ [l 120 a2, |~ (
< Cyby 1P/ ||l |21, | 21 S+l>s| (
< Cy by 1P/ |l |20, | (2056 (

Proof Following the notations in [8], we denote
Aélﬁzlt,zls (0,62) = &2“,2“(51752) - 62“,213 (0,&2),
Agzﬁzlt,zls (5170) = &2“,2“(51752) - 62“,213 (5170)7
Aéf@@“,%(o 0) {02“ 21 (€1, §2) — Ogut gts (&,0) } {02“ 21:(0,&2) — &2“,2“(070)}-

Recall that ; = ||| 11(g,) a1 = by a;. By the cancellation conditions on €, we have

(Gt (€1, £0)] = |ALZ, b1 210 (0,0)
/ / (s ), 72)|

ol(s+1) ol(t+1)
/2 /2
Sn1—1lyxgna—1
d’l”l dTQ

iEl-’I"l’u. _ 1 iEQ~T2'U _ d d _ - _ =
x| (e (e 1)ldudv 2
< Ol bl |20 V6|20 Ve . (3.10)
Also,

|O.2” 2ts (51762” = |A£10'21t 215 O §2

ol(t+1)
olt Sni—1 ols

x e — 1] du—. (3.11)

ol(s+1)

dr

/ ar(u, v)h(ry, ra)e > 2V dy—2
Sna—1 T2
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Denote I(ry,u) = ;f;wl) Jgna—1 ar(u, v)h(ry, re)ei®> Tzvd,udrg al(1 () = f4na-s laz(u, v)]dv. Then
Jgni— al(l) (u)du = |lar|| 1 (gn1-1 xgn2-1). We may assume without loss of generality that al(l) (u) #
OV wue Sl Forif B= {u e §m-1. al(l)(u) = 0}, then we can split the integral fsnl,l cee
on the right hand side of inequality (3.11) into the sum of two integrals fsnlfl\B .-+ and fB e
It follows by a direct integration that the value of the integral on the right hand side of (3.11),

which involves the integral [, - -, is zero. Now denote w;(u,v) = Z;E;L(Z; Then
|I(T17
ol(s+1)
. dr
= al / / wy(u, U)h(rl,rg)e‘&””dv =2
ols gna—1 T2

21(3+1)

d 1/q 9l (s+1)
AT
< a;(u) ( / [(r1,72)|? —2> ( /

ols T2 ols

ol(s+1) d 1/q
rar
= a;(u )( /2 (1, 7)|° —J) J(u,&2).

1/q
q
/ wy (u, v)e$2 2 du drz
Sno—1 (]

ls

If ¢ > 2, then since ’fsnz,l wy (u, v)ei&'””dv’ <1, we have

21(3+1)
wy (u, v)e$2 2 dy
Sn2—1

J9(u, &) < /2 )
// wi (-, )@ (-, 0) o

elé2r2(v=0) 22 drs
9ls )
Sna2—1y gna—1

< Clj2be| 14 / / D)€ - (v — 3|V dvdi

Sn2—1y gna—1

< cz|2l552|-1/4/ s (u, 0) 2, (3.12)
Sna—1

2
dTQ
T2

dvdv

where the second inequality follows from the fact that

21(3+1)

/ giéara(v—p) 472
ols T2

So J(u, &) < C’ll/q|215§2|_ﬁ («[:5'"271 [wy (u, v)|2dv)1/q . A direct integration yields J(u, &) <

C1Y/4. Thus
. 1/q
J(u,&) < C1M9min { 1, |2/ | "% (/ Iwz<u,v>l2d“)
Sngfl

al
< CPM/9jalg, (/ |wz<u,v>|2dv> .
Sna—1

< Clmin {1,|256||¢; - (v — 7))

< CUR2B&7Y4E - (v — o)A

Therefore,

% ol(s+1)

L (1) ‘ dry \ M7
I(ry,u) < Cll/q|2“§2|’4_qlal (u)(/ |wl(u,v)|2dv> (/ [h(r1,72)|? —) ,
gna—1 ols T2
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and

ol (t+1) Ql(s+1)

1/q'
d d
(6ot o161, &2)| < COIM 921Dy |25 5 / ( / [h(ry,72)[? —T2> y
9 olt ols 7.2 rl

%

q

x {/ al(l)(“) (/ |wz(uav)|2dv) du} .
Sn1—1 gna—1
By Holder’s inequality, we have

QL) Ql(s+1) 1/q
s d d
/ ( i)l —”) T <Ol
2 T T

it ols 2 1

1
(1) 24y )
a,”’ (u) |wi(u,v)[*dv | du
Sny1—1 Sna—1
1
a
[ Pwrd ([ atopa)
Sni—1 Sna—1

ql—1
% 1 ql—2
< ||alHZLQ(Sn1—1><Sn2,1) </S : |al( )(u)|ql1du>
ny—

ql
ql—2

2 aL—< _1
S ||al|‘212(5n1—1><5n2—1)Ha/lHLtlzl(swll—lxsng—l) {Nl(Snlil)}qlil S Cq'

Therefore,
|Gare 10 (€1, &2)| < Cq by 129 |||y [21FD g, | 2lsgy| " if g > 2.

If 1 < ¢ < 2, then it follows from Hélder’s inequality that
21(3+1)

2 1/2
J(u,&) < Clla~z (/ / wl(u,v)ei&“”dv‘ 2)
2ls Sng—l 7‘2

1/2
< C1Y%min {1, |2l5§2|_§ (/ |wl(u,v)|2dv) }
Sn2—1

1

21

< O1M|2lg| (/ Iwz<u,v>l2d”> |
Sna—1

By using similar arguments as above, we obtain

16316 910 (€1, 62)| < Cy by 129 |||y 12100 | 2056, 757 i 1< g < 2.

Thus inequality (3.7) of Lemma 2 is proved. By symmetry, we also obtain inequality (3.8).
It remains to prove inequality (3.9). Denote ¢;(u,v) = ||al||211(5n1,1Xsnrl)al(u,v), and note
that |lci||L1(gm1-1xgm2-1y = 1. An application of Hélder’s inequality produces

|Ggre 212 (€1, 62)]

I(s+1) 1(t41)
2 2 dTl dT‘Q
)— =

:bl”alHLl/ / h(T‘l,T‘g) // Q[(U,U)Cl(’u,U)ei(fl'rlu"_gz'rw)dud
2 2 T2

Sn1—1yx gna—1

q 1/q
ol(s+1)  ol(t+1) q
: ) ) T1 dTQ
< Cb||nlly / // O (u, v)ep(u, v)e! Ermutee o) gy gy —2 2
Is it ry T2
2 2 Sn1—1yxgna—1
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Again, by using similar arguments as in the previous case, we finally obtain

N L s —-L .
|6a1e, 210 (€1, 62)| < Co bl ||| 21|~ 5 |25, | "0 if g > 2,
< Caby 129 ||hly 2106 |75 286 5 if 1 < ¢ < 2.

Lemma 2 is proved. g

Now observe that

T’lf(Il,IQ) = //(U2lt72ls * f)(Il,IQ) dtds
R2

= 12//02u)215 * //S2z(t+u)721(3+v)821(t+u)721(3+v)f(I1,IQ)dudv dtds
R2 R2

= 12// //SQl(t+u)72l(s+v) (0‘2lt12ls * Szl(t+u)72l(s+v)f($1,:EQ)) dtds | dudv
R2 R2

E//Tl"’vf(xl,xg)dudv, (3.13)
R

where

Tl"’vf = 12//S2l(t+u)72l(s+v) (O’Qlt)zls * S2l(t+u)72l(s+v) f) dtds. (3.14)
R2

Note that

oo poo dt ds\ 4
||f||sg}q,wmXM)_||</0 /O o s wt,s*ﬂqT?)

>~ [2/4 //|2—a1“2—a2l8\112“7215 s f|9dtds
R2

Lp(Rnl +ng )
1/q

Lp (Rn1+n2 )

For any g € S’;O;,’_O‘QF(RM x R"2), we have

(T f.9)

= 12 // //SQl(t#»u)’ 2l(s+v) (Uglt) ols * Szl(t+u)7 2l(s+v) f(;vl y ;vg))g(xl y xg)dtdsdxldxg

Rn1+n2 ]R2

S l2 // //0'2”)213 *S2z(t+u)72z(s+v)f(zl,IQ)S2z(t+u)72z(s+v)g(:E1,xg)dtds d:Eld:EQ

Rn1+n2 Rz
1/q

< //|270‘1l(t+u)270‘2l(5+v)0’217:7213 * S2l(t+u)12l(s+u)f|thd5
R2

Lp (R”l +ng )
1/q

X // |20z1l(t-‘4-u)20¢2l(s+v)S’2l(t+u)7 2l(s+v)g|q/dtds
R>

Lp' (Rm1+n2)
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1/q
< lz/q // |27a1l(t+u)270‘2l(s+v)0'21t)213 * S2l(t+u)72l(s+y)f|thds
Lr(R?1+n2)
X ||g||sj"‘1/v*°‘2p(Rn1 xRn2)?
P ,q

where S’Ql(t+u)72l(s+v)g($17x2) = Soi+w gis+0 §(—1, —x2), and §(z1,x2) = g(—w1, —22).
Taking the supremum over all g € S_,%""**F(R™ x R"2) with norm < 1 yields

||ﬂu’”f||s;;},; 2 F(R™1 xR"2)
1/q
< C¥a // |2ttt gmel (5T 5o ok Soreru gics o f|2dtds (3.15)
Lr(Rr1+n2)
When p = g = 2, we have

||ﬂu’vf||§§12’a2F(Rn1><R"2) < Clz// // |2_a1l(t+u)2_a2l(s+v)621t1213(51,62)

R2 Dt+u,s+v
x g (2163 (2106T6) [, &2)[PdErdéadtds,
where Dy sio = {(&1,&) € RMHn2 1 1/2 < 2UtHw ¢ | 2UF0) 6| < 2} Tf we apply Lemma 2
to the above inequality, the results become
”Tlumf”SQX}é 2 P(R™1 xR™2)

Oq|h||q/bl 12/ 9—l(u—1) 9—l(v—1) ||f||5§12 @2 fr(Rr1 xRP2); U U >1

b [2/09—1(u—1) 9157 s .
S Cq|h||q bll 2L 2 ||f||s2,12’ 2F(Rn1 XR"2)7 u 2 1,'U < 1 (316>
Calhllqbr 12/4 2707 271D | £l gor o2 pyns wenay u<luvzl
Cylhllgrby 12/9 275 235 || f[| go; 02 pyns gz u,v < 1.

In order to estimate the norm ||Tu’vf||5ﬂ1 @2 fr(gn1 x gz, We need the following lemma.

Lemma 3 Define L; s(f) by

Ql ’
Lt s(f) (w1, 72) // | nyl y2n flz1 =y, 22 _yQ)X;}t)(yl)ng)(y2)dyldy2-
[y1 [ |ya]"
Rn1+n2
Then
4 1

|02u)215 * Szl(t+u)72l(s+v)f($1,:E2)| < Cbll/q ||h||q/ (Lt75(|521(t+u)721(3+v)f|q)($1,:EQ)) /q. (3.17)
||O’2lt12ls * S2l(t+u)72l(s+v)f||Lq(Rn1+n2) S Obl l?/q ||h||ql ||S21(t+u)72l(s+v)f||Lq(Rn1+n2). (318)

[ SupRLt,S(f)”LP(]R"l+”2) S OO P || fl o@nitnay for 1 <p < oo. (3.19)
t,s€

Proof By Holder’s inequality, we have

|O‘21t1 ols * Szl(t+u)) 2l(s+v) f(:El, .%'2)|

1/q
h( q Qi(y7,
( // G EDIGLIC y2)|xé??(yl)xéli(yz)dyldw)

2" [ya|"2

Rn1+n2
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1/q
Ql Y1, Y
( // ||y1|ml|y |2n2| |So1ct+w) gr(stw) f(T1 — Y1, T2 — y2)|qX$t)(y1)ng) (y2)dy1dy:

R™1 +no

! 1
< C g b7 (Ls(|Sarcrnr aicern FIT) (@1, 22)) 7

and a direct integration gives inequality (3.18).
Observe that

xlva)

Lt s
_ €yt yo)l O
= ™ g™ |f (21 = y1, 22 — y2) IXgre (Y1) X% (y2)dyady2

Rnr1t+n2

1(s41) 1(t+1)
2 2 dTl dT‘Q

// 1 (y15 ya)l / [z — iy, 22 — royh)|—
9ls olt T1

Sn1—1yx gna—1

<o // (0|

Sn1—1yx gna—1

dul (y1)dpa(ys)

P2 P1
X sup { / / |f(@1 — riyh, a0 — szé)ldﬁdrz} dpr (1) dp2 (ys)
p1,p2>0 | P1P2 0

= o / / (W )Y © MY £ (g, 2) g (4 )dpaa (o),

Sn1—1yx gna—1

where Ml‘y i denotes the Hardy-Littlewood maximal function acting on the i-th variable. Observe
that ||Mg;-MiU/1fHLp(Rn1+n2) S C|fllLr@ritney for 1 < p < 0o, and the bound C'is independent
of the unit vectors y, € S™~1 (i = 1,2). Therefore by Minkowski’s inequality, we obtain
inequality (3.19). Lemma 3 is proved.

When p = ¢, it follows from inequality (3.15) that

HTluyfosqa}é 2 [(R™1 xR"2)

1/q
<// |2_a1l(t+u)2_a2l(s+v)0'21t1213 * S2l(t+u)72l(s+u)f|thd8>
R2

wu, p1q
HCI‘I fHSg"lqv a2F(R711 xRn2)

< 012// H2*a1l(t+u)270¢2l(s+v)g2u1st * ng(t+u)721(3+v)f|‘qu(Rnl+n2)dtdS

< C12/4

)

La (]R”l +ng )

and hence

< O |IhlIE / / / / |2 entlttugeallsto) gy s fl9dtdsdzy das

Rm™1t7n2
e dty dt
=C? b |l /// / Yty O Wy, 4, x fx, m2)|? t—ll—;d:vldxg,
Rn™1t7n2

where the last inequality follows from inequality (3.18) of Lemma 3. Therefore,

HTU vf”sal 2 f(R™1 xR"2) <Cb 1%/ ”h”q ”f”sal 2 f(R™1 xR"2)" (3.20)
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When p > ¢, there exists a function g € LT,(R’“*W) (r =p/q), g > 0, with unit norm such
that

UV p1q
||1—‘l f||5g11q’ @2 F(R"l xR"2)

SCZ2/// N |2_a1l(t+“)2_0‘2“5“’)02“’213*SQWM)’21<S+u)f(x)|qg(:1c)dxdtds
R71t+n2
RQ
SCFW”W@//AAFTW“W%WWWMMM&WwWWJM@M@M&@
ni+ng
R2
—c2p? ||h||3,///]R . |2 entlitwgeal ST Gy giern £(2)|7 Ly sg(x)dadtds
nipTn2
R2

<oprp/t ||h||g//

Rn1+n2

r 1/r
<oy ||h||g,< / ) ( / / j-enl(thg el g o f(:c)|thds> d:zc)
Rn1+n2
R2

~ , 1/r
x(/ | sup Ly sg(x)|" d:E)
Rr1tn2 ¢, s€ER

231+q/q q q
< OB R s, g ey 192 oo

//|27°‘11(t+“)270‘2“””)52““@121<s+u)f(;v)|thds sup Ly og(x)dx
t,s €ER
R2

1 ’
< OB n)IE | 11

102 B xR
The second inequality above follows from inequality (3.17) of Lemma 3; and the next to last
inequality follows from (3.19) of Lemma 3. Therefore,

||7}“’”f||sg}d 2 [(R71 xR"2) <Ch 12/a ||h||q/ ||f||sg1q 2 [(R71 xR"2) for 1 < ¢ <p<oo, (321)
which together with inequality (3.20) imply that
1T Fll g, o2 o xnay < C ol ([ Bllgr (1 £l go1, o2 frgns xnay for 1 < g <p <oo.  (3.22)

Recall that if h € J (RT x RT), then [[hllq < [|2[| s, @+ xr+) < C < 0o. On the other
hand, if h € €, (RT x RF), then |[hlg < 412/ || k]|, w+ <) < C12/7. Now set ¢ = 2 in (3.22)
and by duality, we obtain

||Tlu’vf||s;j¢112~ g F(Rnl xRn2) S Obl v ||f||S;j‘12 g F(Rnl xR72) for 1 <p <00, (323)

where v = 2 if h € €y (R x RT), otherwise v = 1 if h € J,(RT x RT). Interpolating (3.23)
with (3.16) yields for 1 < p < oo,

||Tluyvf||5;12’ 2 P(R™1 xR"2)

Cyb1” 9—l(u—1)019—1l(v—1)61 ||f||5;12, 2 p(RM xR72) for0<6; <1, u,v>1,

v
< Oq bl ll/ 2il(u71)022ﬁ||f||S:‘12v°‘2F(Rnl XRTLQ) fOI' 0 < 02 S 1; U Z 15 v < 15
= u6, ’
C, by lu2?22—1(%1)03||f||s§,12,a2F(Rnlan2) for0<f3<1, u<l, v>1,
uby vy
Oq by 1Y 27554 275 ||f||S§12’ °2 fr(Rn1 xR72) for0 <64 <1, u,v<l.

(3.24)
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Interpolating (3.22) with (3.24) yields for 1 < ¢ < p < o0,

”Tlumf”SE‘}Q’ 2 P(R™1 xR"2)

Cy by 1V 2—l(u—1)512—l(v—1)51||f||SgY1q, 2 prra g2y 100 0<f1 <01 <1, u,v2>1,

_ ) Cub 2:2(3“—1)522%HfHSg}(),azF(Rnlwa) for0< o< <1, u>1, v<l,
| Cabrira 2T 2T 0B £l g n gy na) for0<pB3<63<1, u<l,v>1,
Cy by 170 2950 2552 || ] o o2 g e for 0< B <0 <1, uyw < 1,

(3.25)
where

2 if heGy(RT x RY),
vg=11 if h € (Rt x RY), and ¢ > 2,
2/q iftheAy(RT xRT), and 1 < ¢ <2.
Inequalities (3.13) and (3.25) imply that
HTlstg}(; o2 fr(gn1 xRn2) < Op,g 17 ||Q||L1(Ez)||f||sg}(; o2 fr(gm1 xRr2) fOr 1 < g <p < oo (3.26)
It remains to prove the inequality (3.3) for 1 < p < ¢ < oco. We define the truncated singular
integral T, f by

e1,e h(lyal, ly2]) S (v, v5
Tl 1, Qf($1,$2) — / / (|y1| |y2|) l(yl y2)f(x1 — oy, o — y2)dy1dy2
ly2|>e2 J|y1|>e1

2] [ya["2
heve2 (lya |, [y2 ) (y1, y3)
Rn1t+n2

where h 2 (|y1], [y2]) = h(|y1l, [y2])xe ([v1D)xe: ([y2]), and xe,(lys]) (i = 1,2) is the charac-
teristic function defined on the set {y; € R™ : |y;| > ¢; > 0}. Note that for 1 < ¢ < oo,
|R°2 ||, < ||P]leg, < C < o0, where o7 is either €, or J7;, and the bound C' is indepen-
dent of €1, e2 > 0. Thus it follows that inequality (3.26) also holds for the truncated singular
integral 7, f, and the bound C), 4 is independent of €;, e > 0. By duality, we get

”Tlel)eszSs’lq, 0‘2F(Rn1 xR"2) < Cp)q [Va HQHLl(El)HfHS;IQ’ 0‘2}3‘(]1{"1 xRm2) for 1 < p<q < o0.

Letting €1, €2 — 0, we obtain

HTlstg}é 2 f/(R™1 xR"2) < Cpgl™ ”Q”Ll(El)”f”Sg}q’ 2 P(R™1 xR™2) for 1 <p<g<oo,

which together with inequality (3.26) imply that

ITif | s51, 22 prms xmnzy < Cpag 17 1@ 1) | fll 5oy 22 prms xrnay for 1.<p, ¢ < oo.
The proof of Theorem 1 is finished. O
Remark Since the technique used in the proof of Theorem 1 also works for one-parameter
case, we will state below the result for the the one-parameter case without its proof.
Theorem 2 Let h be a measurable function defined on R*. Let Q be a function defined
on S"1 (n > 2), which is homogeneous of degree zero and satisfies the usual cancellation
condition. For f € .#(R™), define the singular integral T'f by

r5w) = v. [ L po

ly|™
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Set
1 ifhe %y (RY),
ag=141/2 ifhe

(R and ¢ > 2,
1/q ifhe (R
(1,

)
), and 1 < ¢ < 2.
If Q € L(log LT)*(S™~1), then for any p, g €
E39(R™). That is,

o0), s € R, T has a bounded extension on

ITfl 5 amny < Cpig 1€ Ltog L+y2a(sn-1) | fll iz 0 (gny for 1 <p, g < o0, s €R.
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