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Abstract Let h be a measurable function defined on R+×R+. Let Ω ∈ L(log L+)νq (Sn1−1×

Sn2−1) (1 ≤ νq ≤ 2) be homogeneous of degree zero and satisfy certain cancellation condi-

tions. We show that the singular integral

Tf(x1, x2) = p. v.

∫ ∫

R
n1+n2

Ω(y′

1, y
′

2)h(|y1|, |y2|)

|y1|n1 |y2|n2
f(x1 − y1, x2 − y2)dy1dy2

maps from Sα1, α2
p, q Ḟ (Rn1 × Rn2) boundedly to itself for 1 < p, q < ∞, α1, α2 ∈ R.

Key words singular integrals; Marcinkiewicz integrals; mixed smoothness; Triebel-Lizorkin

spaces
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1 Introduction

The subject of singular integral operators has been investigated intensively for several

decades. As a consequence, a vast number of interesting results has been discovered by many

authors. Recently, the study of Lp-boundedness for singular integrals in product domains

has drawn attention to many mathematicians. For a survey of this topic, the reader may

view [1–11] among many other excellent references. We remark that the condition that Ω ∈

L(log L+)2(Sn1−1×Sn2−1) is optimal for the Lp(Rn1×Rn2) boundedness of singular integrals in

product domains. In fact, it was proved in [2] that ∀ ǫ > 0, there is an Ω ∈ L(log L+)2−ǫ(Sn1−1×

Sn2−1) (satisfying certain cancellation conditions) such that the singular integral

TΩf(x1, x2) = p. v.

∫ ∫

Rn1×Rn2

Ω(y′
1, y

′
2)f(x1 − y1, x2 − y2)

|y1|n1 |y2|n2
dy1 dy2

is not bounded on Lp(Rn1 × Rn2) for any p ∈ (1,∞).

On the other hand, consider the Marcinkiewicz integral µΩ(f) defined by

µΩ(f)(x) =

(
∫ ∞

0

|FΩ(x, t)|2
dt

t3

)1/2

, where FΩ(x, t) =

∫

|y|≤t

Ω(y′)

|y|n−1
f(x − y)dy.
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In 1972, the author in [15] showed that if Ω ∈ L(log L+)1/2(Sn−1) is homogeneous of degree zero

and satisfies the cancellation condition, then the Marcinkiewicz integral µΩ(f) is a bounded

operator on L2(Rn). In 2002, under the same hypothesis of Ω as in [15], the authors in [3]

extended the result in [15] from p = 2 to the whole range 1 < p < ∞. Recently, the authors in

[10] generalized the above results to Triebel-Lizorkin product spaces as follows.

Theorem 1.1 [10] Let 2 < q ≤ ∞, 1 < p < ∞. If Ω ∈ L(log L+)2/q(Sm−1 × Sn−1), then

‖µΩ,q‖Lp(Rm×Rn) ≤ Cp,q‖f‖Lp(Rm×Rn).

Theorem 1.2 [10] Let 1 < q < 2, 1 < p < ∞. If Ω ∈ L(log L+)2/q+ǫ(Sm−1 × Sn−1) for

any ǫ > 0, then

‖µΩ,q‖Lp(Rm×Rn) ≤ Cp,q‖f‖Ḟ
0,q
p (Rm×Rn).

Please see [10] for the definition of Ḟ 0,q
p (Rm×Rn). Here the integral operator of Marcinkiewicz

type µΩ,q is defined by

µΩ,qf(x, y) =

(

∫ ∫

R2

|φs,t ∗ f(x, y)|qds dt

)1/q

;

and the convolution operator φs,t on Rm × Rn is given by

φs,t ∗ f(x, y) =
1

2s+t

∫ ∫

|u|≤2s, |v|≤2t

Ω(u′, v′)

|u|m−1|v|n−1
f(x − u, y − v)dudv.

The purpose of this paper is to investigate whether or not we can weaken the hypothesis

of the kernel Ω for the singular integral defined in the abstract. Although it is known that

the kernel Ω ∈ L(log L+)2(Sn1−1 × Sn2−1) is optimal even when h ≡ 1, it turns out that the

condition Ω ∈ L(logL+)2(Sn1−1 × Sn2−1) can be relaxed to Ω ∈ L(log L+)νq (Sn1−1 × Sn2−1)

(1 ≤ νq ≤ 2), provided that we impose a stronger condition on the function h. Indeed, if

h ∈ Lq′

(R+ × R+; dr1

r1

dr2

r2
) (1

q
+ 1

q′
= 1), where

Lq′

(

R+ × R+;
dr1

r1

dr2

r2

)

=

{

h : ‖h‖
Lq′(R+×R+;

dr1
r1

dr2
r2

)
:=

(∫ ∞

0

∫ ∞

0

|h(r1, r2)|
q′ dr1

r1

dr2

r2

)1/q′

< ∞

}

,

then νq = 1 if q > 2, and νq = 2/q if 1 < q ≤ 2. We state some definitions and relevant

background in Section 2 of this paper. The main result and its proof will be given in Section 3.

2 Preliminary Background

2.1 The Homogeneous Triebel-Lizorkin Spaces Ḟ s, q

p
(Rn)

Fix a radial function φ ∈ C∞(Rn) such that supp(φ) ⊂ {x ∈ Rn : 1/2 < |x| < 2} , 0 ≤

φ(x) ≤ 1, φ(x) > c > 0 if 3/5 ≤ |x| ≤ 5/3, and
∞
∑

j=−∞

φj(|x|) = 1 for all x 6= 0, where

φj(x) = φ(2jx). Define the functions Ψj by Ψ̂j(ζ) = φj(ζ), so that ̂(Ψj ∗ f)(ζ) = φj(ζ)f̂ (ζ).

For 1 < p, q < ∞, s ∈ R, the Triebel-Lizorkin space Ḟ s, q
p (Rn) is the space of all tempered
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distributions f (modulo polynomials) with the norm defined by

‖f‖Ḟ
s, q
p (Rn) =

∥

∥

∥

∥

∥

(

∞
∑

j=−∞

|2−jsΨj ∗ f |q

)1/q∥
∥

∥

∥

∥

Lp(Rn)

< ∞.

See [14] for more information on this subject.

2.2 The Homogeneous Triebel-Lizorkin Spaces Sα1, α2

p, q
Ḟ (Rn1 × Rn2)

In view of the definition of the inhomogeneous Triebel-Lizorkin space Sα1, α2
p, q F (Rn1 ×Rn2)

defined in [12, 13], we define the space Sα1, α2
p, q Ḟ (Rn1 × Rn2) as follows. We split Rn1+n2 =

Rn1 ×Rn2 ; and for x, y ∈ Rn1+n2 , we write x = (x1, x2), y = (y1, y2), x+ y = (x1 +x2, y1 + y2),

where xi, yi ∈ Rni , i = 1, 2. For i = 1, 2, fix a Schwartz radial function φ(i) ∈ S (Rni) such

that suppφ̂(i) ⊂ {ζi ∈ Rni : 1/2 ≤ |ζi| ≤ 2}, φ̂(i)(ζi) ≥ 0, φ̂(i)(ζi) ≥ c > 0 if 3/5 ≤ |ζi| ≤ 5/3.

For τ ∈ R, define φ̂
(i)
τ (ζi) = φ̂(i)(τζi). Then φ

(i)
τ (xi) = τ−niφ(i)(xi

τ
), where xi ∈ Rni . Now

let Z(Rn1+n2) =
{

f : f ∈ S (Rn1+n2) such that Dαf̂(0) = 0 for every multi-index α
}

, and let

Z′(Rn1+n2) be the topological dual of Z(Rn1+n2). For 1 < p, q < ∞, α1, α2 ∈ R, we define

Sα1, α2
p, q Ḟ (Rn1 × Rn2) =

{

f ∈ Z′(Rn1+n2) : ‖f‖S
α1, α2
p, q Ḟ (Rn1×Rn2) < ∞

}

,

where

‖f‖S
α1, α2
p, q Ḟ (Rn1×Rn2) :=

∥

∥

∥

∥

∥

(∫ ∞

0

∫ ∞

0

|t−α1
1 t−α2

2 (φ
(1)
t1

⊗ φ
(2)
t2

) ∗ f(·, ·)|q
dt1

t1

dt2

t2

)1/q
∥

∥

∥

∥

∥

Lp(Rn1+n2)

.

Note that the space Sα1, α2
p, q Ḟ (Rn1 × Rn2) is a Banach space for 1 < p, q < ∞, and is

independent of the choice φ(i) (i = 1, 2) in the sense of equivalent norms. Moreover,

Z(Rn1+n2) ⊂ Sα1, α2
p, q Ḟ (Rn1 × Rn2) ⊂ Z′(Rn1+n2),

and Z(Rn1+n2) is dense in Sα1, α2
p, q Ḟ (Rn1 × Rn2). Let p′ (resp. q′) be the conjugate of p (resp.

q). Then
(

Sα1, α2
p, q Ḟ (Rn1 × Rn2)

)∗

= S
−α1,−α2

p′, q′ Ḟ (Rn1 × Rn2), where
(

Sα1, α2
p, q Ḟ (Rn1 × Rn2)

)∗

is the dual space of Sα1, α2
p, q Ḟ (Rn1 × Rn2). The proof of the above properties of the space

Sα1, α2
p, q Ḟ (Rn1 × Rn2) is essentially similar to the proof of the properties of the space Ḟ s, q

p (Rn),

which can be found in [14].

3 Main Theorem

Let R+ denote the interval (0,∞). For 1 < p < ∞, let p′ stand for the conjugate of p, i.e.,
1
p

+ 1
p′

= 1. For 1 ≤ q < ∞, let Cq(R
+ ×R+) denote the class of all measurable functions b such

that

‖b‖Cq(R+×R+) := sup
R1,R2>0







(

1

R1R2

∫ R2

0

∫ R1

0

|b(r1, r2)|
q dr1dr2

)1/q






< ∞.

Note that L∞(R+ × R+) ⊂ Cq(R
+ × R+), 1 ≤ q < ∞, and Cq2(R

+ × R+) ⊆ Cq1(R
+ × R+) for

1 ≤ q1 ≤ q2 ≤ ∞. Also let Hq(R
+ × R+) stand for the class of all measurable functions b such

that

‖b‖Hq(R+×R+) :=

(∫ ∞

0

∫ ∞

0

|b(r1, r2)|
q dr1

r1

dr2

r2

)1/q

< ∞.
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For notational convenience, we use the notation Hq(R
+×R+) rather than Lq(R+×R+; dr1

r1

dr2

r2
).

In the sequel, we split Rn1+n2 = Rn1 × Rn2 . For x, y ∈ Rn1+n2 , we write x = (x1, x2),

y = (y1, y2), and of course x + y = (x1 + x2, y1 + y2), where xi, yi ∈ Rni , i = 1, 2. Also the

letter C denotes a positive constant, which may vary at different occurrences. However, it does

not depend on any essential variable.

Theorem 1 Let h be a measurable function defined on R+ ×R+. Let Ω be an integrable

function on Sn1−1 × Sn2−1 (n1, n2 ≥ 2), which is homogeneous of degree zero with respect to

both variables and satisfies

a)
∫

Sn1−1 Ω(u, v)dµ1(u) = 0 ∀ v ∈ Sn2−1, and

b)
∫

Sn2−1 Ω(u, v)dµ2(v) = 0 ∀ u ∈ Sn1−1.

For f ∈ S (Rn1+n2), define the singular integral Tf by

Tf(x1, x2) = p. v. K ∗ f(x1, x2)

= p. v.

∫ ∫

Rn1+n2

Ω(y′
1, y

′
2)h(|y1|, |y2|)

|y1|n1 |y2|n2
f(x1 − y1, x2 − y2)dy1dy2.

Set

νq =















2 if h ∈ Cq′ (R+ × R+),

1 if h ∈ Hq′ (R+ × R+), and q > 2,

2/q if h ∈ Hq′ (R+ × R+), and 1 < q ≤ 2.

If Ω ∈ L(log L+)νq(Sn1−1 × Sn2−1), then for any p, q ∈ (1,∞), α1, α2 ∈ R, T has a bounded

extension on Sα1, α2
p, q Ḟ (Rn1 × Rn2). Precisely,

‖Tf‖S
α1, α2
p, q Ḟ (Rn1×Rn2) ≤ Cp,q ‖Ω‖L(log L+)νq (Sn1−1×Sn2−1)‖f‖S

α1, α2
p, q Ḟ (Rn1×Rn2)

for 1 < p, q < ∞ and α1, α2 ∈ R.

Proof The proof of this theorem follows some basic ideas in [6]. In order to prove the

theorem, we need the following lemmas. �

Lemma 1 Let µ be the product measures on Sn1−1 × Sn2−1 (n1, n2 ≥ 2). Let µ1 and

µ2 be the measures on Sn1−1 and Sn2−1 respectively, which are induced from the product

measure µ. We normalize µ so that µ(Sn1−1 × Sn2−1) = µ1(S
n1−1)µ2(S

n2−1) = 1. Let Eo =
{

(u, v) ∈ Sn1−1 × Sn2−1 : |Ω(u, v)| ≤ 2
}

, and for l ∈ N, let El =
{

(u, v) ∈ Sn1−1 × Sn2−1 :

2l < |Ω(u, v)| ≤ 2l+1
}

. Let A(Ω) =
{

l ∈ N : µ(El) > 2−4l
}

. For l ∈ A(Ω), define

Ω
(1)
l (u) =

∫

Sn2−1

Ω(u, v)χEl
(u, v)dµ2(v)

and

Ω
(2)
l (v) =

∫

Sn1−1

Ω(u, v)χEl
(u, v)dµ1(u).

Now define al (l ∈ A(Ω)) on Sn1−1 × Sn2−1 by

al(u, v) =
1

‖Ω‖L1(El)

{

Ω(u, v)χEl
(u, v) − µ1(S

n1−1)Ω
(1)
l (u) − µ2(S

n2−1)Ω
(2)
l (v)

}

+
1

‖Ω‖L1(El)

∫ ∫

Sn1−1×Sn2−1

Ω(u, v)χEl
(u, v)dµ1(u)dµ2(v).
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Then each al satisfies the cancellation conditions as Ω does. Moreover, ‖al‖L1(Sn1−1×Sn2−1)

≤ 4 and ‖al‖L2(Sn1−1×Sn2−1) ≤ 22l+3. Now let

Ωo = Ω −
∑

l∈A(Ω)

‖Ω‖L1(El)al ≡ Ω −
∑

l∈A(Ω)

Ωl.

Then Ωo also satisfies the cancellation conditions and ‖Ωo‖L2(Sn1−1×Sn2−1) ≤ C. Conse-

quently, Ω has a decomposition

Ω = Ωo +
∑

l∈A(Ω)

Ωl.

The proof of Lemma 1 is straightforward, and can be found in [1, 7]. The decomposition of Ω

leads to a decomposition of the corresponding operators:

T = To +
∑

l∈A(Ω)

Tl, (3.1)

where

Tlf(x) = p.v.

∫ ∫

Rn1+n2

h(|y1|, |y2|)Ωl(y
′
1, y

′
2)

|y1|n1 |y2|n2
f(x1 − y1, x2 − y2)dy1dy2,

and similar definition for Tof(x) (with Ωo in place of Ωl). We will show that

‖Tof‖S
α1, α2
p, q Ḟ (Rn1×Rn2) ≤ Cp, q ‖f‖S

α1, α2
p, q Ḟ (Rn1×Rn2), (3.2)

‖Tlf‖S
α1, α2
p, q Ḟ (Rn1×Rn2) ≤ Cp, q lνq ‖Ω‖L1(El) ‖f‖S

α1, α2
p, q Ḟ (Rn1×Rn2), (3.3)

for 1 < p, q < ∞ and α1, α2 ∈ R. An application of Minkowski’s inequality will yield that

‖Tf‖S
α1, α2
p, q Ḟ (Rn1×Rn2) ≤ ‖Tof‖S

α1, α2
p, q Ḟ (Rn1×Rn2) +

∑

l∈A(Ω)

‖Tlf‖S
α1, α2
p, q Ḟ (Rn1×Rn2)

≤ Cp, q

(

1 +
∑

l∈A(Ω)

lνq ‖Ω‖L1(El)

)

‖f‖S
α1, α2
p, q Ḟ (Rn1×Rn2)

≤ Cp, q

(

1 + ‖Ω‖L(log L+)νq (Sn1−1×Sn2−1)

)

‖f‖S
α1, α2
p, q Ḟ (Rn1×Rn2).

The proof of inequality (3.2) is essentially the same as the proof of inequality (3.3). Just

set l = 1 and replace Ωl by Ωo in the proof of (3.3), we will obtain (3.2). Therefore to prove

the theorem, it is enough to prove inequality (3.3). For i = 1, 2, let φ(i) be a radial function

in S (Rni) such that suppφ̂(i) ⊂ {ζi ∈ Rni : 1/2 ≤ |ζi| ≤ 2}, 0 ≤ φ̂(i)(ζi) ≤ 1, φ̂(i)(ζi) ≥ c > 0

if 3/5 ≤ |ζi| ≤ 5/3, and
∫

R
ni

{

φ̂(i)(2tζi)
}2

dt = 1 for all ζi 6= 0 ∈ Rni . For τ ∈ R, define

φ̂
(i)
τ (ζi) = φ̂(i)(τζi). Now set Ψ = φ(1) ⊗ φ(2) and let Ψ2t, 2s(x1, x2) = φ

(1)
2t (x1) ⊗ φ

(2)
2s (x2) =

2−n1t2−n2sφ(1)(2−tx1) ⊗ φ(2)(2−sx2), where xi ∈ Rni (i = 1, 2). Note that Ψ̂2t, 2s(ζ1, ζ2) =

φ̂
(1)
2t (ζ1)φ̂

(2)
2s (ζ2), and

∫ ∫

R×R
Ψ̂2

2t, 2s(ζ1, ζ2)dtds = 1 for all (ζ1, ζ2) 6= 0 ∈ Rn1+n2 . For f ∈

S (Rn1+n2), denote S2t,2sf = Ψ2t, 2s ∗ f , and observe that for any fixed l ∈ N, we have f =

l2
∫ ∫

R×R
S2lt, 2lsS2lt, 2lsfdtds. For τ ∈ R, denote χ

(i)

2lτ (yi) to be the characteristic function on

the set
{

yi ∈ Rni : 2lτ ≤ |yi| < 2l(τ+1)
}

. Observe that

Tlf(x1, x2)

=

∫ ∫

R2

∫ ∫

Rn1+n2

Ωl(y
′
1, y

′
2)h(|y1|, |y2|)

|y1|n1 |y2|n2
f(x1 − y1, x2 − y2)χ

(1)

2lt (y1)χ
(2)

2ls(y2)dy1dy2 dtds
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≡

∫ ∫

R2

σ2lt, 2ls ∗ f(x1, x2)dtds, (3.4)

where

σ̂2lt, 2ls(ξ1, ξ2)

=

∫ ∫

Rn1+n2

Ωl(y
′
1, y

′
2)h(|y1|, |y2|)

|y1|n1 |y2|n2
ei(ξ1·y1+ξ2·y2)χ

(1)

2lt (y1)χ
(2)

2ls(y2)dy1dy2

=

∫ 2l(s+1)

2ls

∫ 2l(t+1)

2lt

∫ ∫

Sn1−1×Sn2−1

Ωl(u, v)h(r1, r2)e
i(ξ1·r1u+ξ2·r2v)dudv

dr1

r1

dr2

r2
. (3.5)

For notational convenience, we denote bl = ‖Ω‖L1(El), δq = max {q, 2}, and ‖h‖q′ =
(

∫ 2l(s+1)

2ls

∫ 2l(t+1)

2lt |h(r1, r2)|
q′ dr1

r1

dr2

r2

)1/q′

. Observe that if h ∈ Hq′ (R+ × R+), then ‖h‖q′ ≤

‖h‖Hq′(R
+×R+) ≤ C < ∞. If h ∈ Cq′ (R+ ×R+), then ‖h‖q′ ≤ 4l2/q′

‖h‖Cq′ (R
+×R+) ≤ C l2/q′

. In

either case, the bound of ‖h‖q′ does not depend on t, s ∈ R. We have the following lemma.

Lemma 2

|σ̂2lt, 2ls(ξ1, ξ2)| ≤ Cq bl l
2/q ‖h‖q′ |2l(t+1)ξ1| |2

l(s+1)ξ2| (3.6)

≤ Cq bl l
2/q ‖h‖q′ |2l(t+1)ξ1| |2

lsξ2|
− 1

4δql (3.7)

≤ Cq bl l
2/q ‖h‖q′ |2ltξ1|

− 1
4δql |2l(s+1)ξ2| (3.8)

≤ Cq bl l
2/q ‖h‖q′ |2ltξ1|

− 1
4δql |2lsξ2|

− 1
4δql . (3.9)

Proof Following the notations in [8], we denote

∆1
ξ1

σ̂2lt, 2ls(0, ξ2) = σ̂2lt, 2ls(ξ1, ξ2) − σ̂2lt, 2ls(0, ξ2),

∆2
ξ2

σ̂2lt, 2ls(ξ1, 0) = σ̂2lt, 2ls(ξ1, ξ2) − σ̂2lt, 2ls(ξ1, 0),

∆1,2
ξ1,ξ2

σ̂2lt, 2ls(0, 0) =
{

σ̂2lt, 2ls(ξ1, ξ2) − σ̂2lt, 2ls(ξ1, 0)
}

−
{

σ̂2lt, 2ls(0, ξ2) − σ̂2lt, 2ls(0, 0)
}

.

Recall that Ωl = ‖Ω‖L1(El) al = bl al. By the cancellation conditions on Ωl, we have

|σ̂2lt, 2ls(ξ1, ξ2)| = |∆1,2
ξ1,ξ2

σ̂2lt, 2ls(0, 0)|

≤

∫ 2l(s+1)

2ls

∫ 2l(t+1)

2lt

∫ ∫

Sn1−1×Sn2−1

|Ωl(u, v)h(r1, r2)|

×|(eiξ1·r1u − 1)(eiξ2·r2v − 1)|dudv
dr1

r1

dr2

r2

≤ C bll
2/q‖h‖q′ |2l(t+1)ξ1||2

l(s+1)ξ2|. (3.10)

Also,

|σ̂2lt, 2ls(ξ1, ξ2)| = |∆1
ξ1

σ̂2lt, 2ls(0, ξ2)|

≤ bl

∫ 2l(t+1)

2lt

∫

Sn1−1

∣

∣

∣

∣

∣

∫ 2l(s+1)

2ls

∫

Sn2−1

al(u, v)h(r1, r2)e
iξ2·r2vdv

dr2

r2

∣

∣

∣

∣

∣

×
∣

∣eiξ1·r1u − 1
∣

∣du
dr1

r1
. (3.11)
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Denote I(r1, u) =
∫ 2l(s+1)

2ls

∫

Sn2−1 al(u, v)h(r1, r2)e
iξ2·r2vdv dr2

r2
, a

(1)
l (u) =

∫

Sn2−1 |al(u, v)|dv. Then
∫

Sn1−1 a
(1)
l (u)du = ‖al‖L1(Sn1−1×Sn2−1). We may assume without loss of generality that a

(1)
l (u) 6=

0 ∀ u ∈ Sn1−1. For if B =
{

u ∈ Sn1−1 : a
(1)
l (u) = 0

}

, then we can split the integral
∫

Sn1−1 · · ·

on the right hand side of inequality (3.11) into the sum of two integrals
∫

Sn1−1�B
· · · and

∫

B
· · ·.

It follows by a direct integration that the value of the integral on the right hand side of (3.11),

which involves the integral
∫

B
· · ·, is zero. Now denote wl(u, v) = al(u,v)

a
(1)
l

(u)
. Then

|I(r1, u)|

= a
(1)
l (u)

∣

∣

∣

∣

∣

∫ 2l(s+1)

2ls

∫

Sn2−1

wl(u, v)h(r1, r2)e
iξ2·r2vdv

dr2

r2

∣

∣

∣

∣

∣

≤ a
(1)
l (u)

(

∫ 2l(s+1)

2ls

|h(r1, r2)|
q′ dr2

r2

)1/q′
(

∫ 2l(s+1)

2ls

∣

∣

∣

∣

∫

Sn2−1

wl(u, v)eiξ2·r2vdv

∣

∣

∣

∣

q
dr2

r2

)1/q

≡ a
(1)
l (u)

(

∫ 2l(s+1)

2ls

|h(r1, r2)|
q′ dr2

r2

)1/q′

J(u, ξ2).

If q ≥ 2, then since
∣

∣

∫

Sn2−1 wl(u, v)eiξ2·r2vdv
∣

∣ ≤ 1, we have

Jq(u, ξ2) ≤

∫ 2l(s+1)

2ls

∣

∣

∣

∣

∫

Sn2−1

wl(u, v)eiξ2·r2vdv

∣

∣

∣

∣

2
dr2

r2

=

∫ ∫

Sn2−1×Sn2−1

wl(·, v)w̄l(·, ṽ)

∣

∣

∣

∣

∣

∫ 2l(s+1)

2ls

eiξ2·r2(v−ṽ) dr2

r2

∣

∣

∣

∣

∣

dvdṽ

≤ C l|2lsξ2|
−1/4

∫ ∫

Sn2−1×Sn2−1

wl(·, v)w̄l(·, ṽ)|ξ′2 · (v − ṽ)|−1/4dvdṽ

≤ C l|2lsξ2|
−1/4

∫

Sn2−1

|wl(u, v)|2dv, (3.12)

where the second inequality follows from the fact that
∣

∣

∣

∣

∣

∫ 2l(s+1)

2ls

eiξ2·r2(v−ṽ) dr2

r2

∣

∣

∣

∣

∣

≤ C l min
{

1, |2lsξ2||ξ
′
2 · (v − ṽ)|−1

}

≤ C l |2lsξ2|
−1/4|ξ′2 · (v − ṽ)|−1/4.

So J(u, ξ2) ≤ C l1/q|2lsξ2|
− 1

4q

(∫

Sn2−1 |wl(u, v)|2dv
)1/q

. A direct integration yields J(u, ξ2) ≤

C l1/q. Thus

J(u, ξ2) ≤ C l1/q min

{

1, |2lsξ2|
− 1

4q

(∫

Sn2−1

|wl(u, v)|2dv

)1/q
}

≤ C l1/q|2lsξ2|
− 1

4ql

(∫

Sn2−1

|wl(u, v)|2dv

)
1
ql

.

Therefore,

I(r1, u) ≤ C l1/q|2lsξ2|
− 1

4ql a
(1)
l (u)

(∫

Sn2−1

|wl(u, v)|2dv

)
1
ql
(∫ 2l(s+1)

2ls

|h(r1, r2)|
q′ dr2

r2

)1/q′

,
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and

|σ̂2lt, 2ls(ξ1, ξ2)| ≤ Cbll
1/q|2l(t+1)ξ1||2

lsξ2|
− 1

4ql







∫ 2l(t+1)

2lt

(

∫ 2l(s+1)

2ls

|h(r1, r2)|
q′ dr2

r2

)1/q′

dr1

r1







×

{

∫

Sn1−1

a
(1)
l (u)

(∫

Sn2−1

|wl(u, v)|2dv

)
1
ql

du

}

.

By Hölder’s inequality, we have

∫ 2l(t+1)

2lt

(

∫ 2l(s+1)

2ls

|h(r1, r2)|
q′ dr2

r2

)1/q′

dr1

r1
≤ C l1/q‖h‖q′ ,

∫

Sn1−1

a
(1)
l (u)

(∫

Sn2−1

|wl(u, v)|2dv

)
1
ql

du

=

∫

Sn1−1

|a
(1)
l (u)|1−

2
ql

(∫

Sn2−1

|al(u, v)|2dv

)
1
ql

du

≤ ‖al‖
2
ql

L2(Sn1−1×Sn2−1)

(∫

Sn1−1

|a
(1)
l (u)|

ql−2
ql−1 du

)
ql−1

ql

≤ ‖al‖
2
ql

L2(Sn1−1×Sn2−1)
‖al‖

ql−2
ql

L1(Sn1−1×Sn2−1)

{

µ1(S
n1−1)

}
1

ql−1 ≤ Cq.

Therefore,

|σ̂2lt, 2ls(ξ1, ξ2)| ≤ Cq bl l
2/q ‖h‖q′ |2l(t+1)ξ1| |2

lsξ2|
− 1

4ql if q ≥ 2.

If 1 < q < 2, then it follows from Hölder’s inequality that

J(u, ξ2) ≤ C l(
1
q
− 1

2 )

(

∫ 2l(s+1)

2ls

∣

∣

∣

∣

∫

Sn2−1

wl(u, v)eiξ2·r2vdv

∣

∣

∣

∣

2
dr2

r2

)1/2

≤ C l1/q min

{

1, |2lsξ2|
− 1

8

(∫

Sn2−1

|wl(u, v)|2dv

)1/2
}

≤ C l1/q |2lsξ2|
− 1

8l

(∫

Sn2−1

|wl(u, v)|2dv

)
1
2l

.

By using similar arguments as above, we obtain

|σ̂2lt, 2ls(ξ1, ξ2)| ≤ Cq bl l
2/q ‖h‖q′ |2l(t+1)ξ1| |2

lsξ2|
− 1

8l if 1 < q < 2.

Thus inequality (3.7) of Lemma 2 is proved. By symmetry, we also obtain inequality (3.8).

It remains to prove inequality (3.9). Denote cl(u, v) = ‖al‖
−1
L1(Sn1−1×Sn2−1)

al(u, v), and note

that ‖cl‖L1(Sn1−1×Sn2−1) = 1. An application of Hölder’s inequality produces

|σ̂2lt, 2ls(ξ1, ξ2)|

= bl‖al‖L1

∣

∣

∣

∣

∣

∣

∣

∫ 2l(s+1)

2ls

∫ 2l(t+1)

2lt

h(r1, r2)

∫ ∫

Sn1−1×Sn2−1

Ωl(u, v)cl(u, v)ei(ξ1·r1u+ξ2·r2v)dudv
dr1

r1

dr2

r2

∣

∣

∣

∣

∣

∣

∣

≤ C bl ‖h‖q′







∫ 2l(s+1)

2ls

∫ 2l(t+1)

2lt

∣

∣

∣

∣

∣

∣

∣

∫ ∫

Sn1−1×Sn2−1

Ωl(u, v)cl(u, v)ei(ξ1·r1u+ξ2·r2v)dudv

∣

∣

∣

∣

∣

∣

∣

q

dr1

r1

dr2

r2







1/q

.
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Again, by using similar arguments as in the previous case, we finally obtain

|σ̂2lt, 2ls(ξ1, ξ2)| ≤ Cq bl l
2/q ‖h‖q′ |2ltξ1|

− 1
4ql |2lsξ2|

− 1
4ql if q ≥ 2,

≤ Cq bl l
2/q ‖h‖q′ |2ltξ1|

− 1
8l |2lsξ2|

− 1
8l if 1 < q < 2.

Lemma 2 is proved. �

Now observe that

Tlf(x1, x2) =

∫ ∫

R2

(σ2lt, 2ls ∗ f)(x1, x2) dtds

= l2
∫ ∫

R2

σ2lt, 2ls ∗





∫ ∫

R2

S2l(t+u), 2l(s+v)S2l(t+u), 2l(s+v)f(x1, x2)dudv



 dtds

= l2
∫ ∫

R2





∫ ∫

R2

S2l(t+u), 2l(s+v)

(

σ2lt, 2ls ∗ S2l(t+u), 2l(s+v)f(x1, x2)
)

dtds



 dudv

≡

∫ ∫

R2

T
u,v
l f(x1, x2)dudv, (3.13)

where

T
u,v
l f = l2

∫ ∫

R2

S2l(t+u), 2l(s+v)

(

σ2lt, 2ls ∗ S2l(t+u), 2l(s+v)f
)

dtds. (3.14)

Note that

‖f‖S
α1, α2
p, q Ḟ (Rn1×Rn2)

∼=

∥

∥

∥

∥

∥

(∫ ∞

0

∫ ∞

0

|t−α1s−α2Ψt,s ∗ f |q
dt

t

ds

s

)1/q
∥

∥

∥

∥

∥

Lp(Rn1+n2)

∼= l2/q

∥

∥

∥

∥

∥

∥

∥





∫ ∫

R2

|2−α1lt2−α2lsΨ2lt,2ls ∗ f |qdtds





1/q
∥

∥

∥

∥

∥

∥

∥

Lp(Rn1+n2)

.

For any g ∈ S
−α1,−α2

p′,q′ Ḟ (Rn1 × Rn2), we have

|〈T u,v
l f, g〉|

= l2

∣

∣

∣

∣

∣

∣

∫ ∫

Rn1+n2

∫ ∫

R2

S2l(t+u), 2l(s+v)(σ2lt, 2ls ∗ S2l(t+u), 2l(s+v)f(x1, x2))g(x1, x2)dtdsdx1dx2

∣

∣

∣

∣

∣

∣

≤ l2
∫ ∫

Rn1+n2

∣

∣

∣

∣

∣

∣

∫ ∫

R2

σ2lt, 2ls ∗ S2l(t+u), 2l(s+v)f(x1, x2)S̃2l(t+u), 2l(s+v)g(x1, x2)dtds

∣

∣

∣

∣

∣

∣

dx1dx2

≤ l2

∥

∥

∥

∥

∥

∥

∥





∫ ∫

R2

|2−α1l(t+u)2−α2l(s+v)σ2lt, 2ls ∗ S2l(t+u), 2l(s+v)f |qdtds





1/q
∥

∥

∥

∥

∥

∥

∥

Lp(Rn1+n2)

×

∥

∥

∥

∥

∥

∥

∥





∫ ∫

R2

|2α1l(t+u)2α2l(s+v)S̃2l(t+u), 2l(s+v)g|q
′

dtds





1/q′
∥

∥

∥

∥

∥

∥

∥

Lp′(Rn1+n2)
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≤ l2/q

∥

∥

∥

∥

∥

∥

∥





∫ ∫

R2

|2−α1l(t+u)2−α2l(s+v)σ2lt, 2ls ∗ S2l(t+u), 2l(s+v)f |qdtds





1/q
∥

∥

∥

∥

∥

∥

∥

Lp(Rn1+n2)

×‖g‖
S

−α1,−α2
p′,q′

Ḟ (Rn1×Rn2)
,

where S̃2l(t+u), 2l(s+v)g(x1, x2) = S2l(t+u), 2l(s+v) g̃(−x1,−x2), and g̃(x1, x2) = g(−x1,−x2).

Taking the supremum over all g ∈ S
−α1,−α2

p′,q′ Ḟ (Rn1 × Rn2) with norm ≤ 1 yields

‖T u,v
l f‖S

α1, α2
p, q Ḟ (Rn1×Rn2)

≤ C l2/q

∥

∥

∥

∥

∥

∥

∥





∫ ∫

R2

|2−α1l(t+u)2−α2l(s+v)σ2lt, 2ls ∗ S2l(t+u), 2l(s+v)f |qdtds





1/q
∥

∥

∥

∥

∥

∥

∥

Lp(Rn1+n2)

.(3.15)

When p = q = 2, we have

‖T u,v
l f‖2

S
α1, α2
2, 2 Ḟ (Rn1×Rn2)

≤ C l2
∫ ∫

R2

∫ ∫

Dt+u,s+v

|2−α1l(t+u)2−α2l(s+v)σ̂2lt, 2ls(ξ1, ξ2)

×φ̂(1)(2l(t+u)ξ1)φ̂
(2)(2l(s+v)ξ2)f̂(ξ1, ξ2)|

2dξ1dξ2dtds,

where Dt+u,s+v =
{

(ξ1, ξ2) ∈ Rn1+n2 : 1/2 ≤ |2l(t+u)ξ1|, |2
l(s+v)ξ2| ≤ 2

}

. If we apply Lemma 2

to the above inequality, the results become

‖T u,v
l f‖S

α1, α2
2, 2 Ḟ (Rn1×Rn2)

≤































Cq|h‖q′bl l
2/q 2−l(u−1) 2−l(v−1) ‖f‖S

α1, α2
2, 2 Ḟ (Rn1×Rn2); u, v ≥ 1

Cq|h‖q′bl l
2/q 2−l(u−1) 2

v
4δq ‖f‖S

α1, α2
2, 2 Ḟ (Rn1×Rn2); u ≥ 1, v < 1

Cq|h‖q′bl l
2/q 2

u
4δq 2−l(v−1) ‖f‖S

α1, α2
2, 2 Ḟ (Rn1×Rn2); u < 1, v ≥ 1

Cq|h‖q′bl l
2/q 2

u
4δq 2

v
4δq ‖f‖S

α1, α2
2, 2 Ḟ (Rn1×Rn2); u, v < 1.

(3.16)

In order to estimate the norm ‖T u,v
l f‖S

α1, α2
p, q Ḟ (Rn1×Rn2), we need the following lemma.

Lemma 3 Define Lt,s(f) by

Lt,s(f)(x1, x2) =

∫ ∫

Rn1+n2

|Ωl(y
′
1, y

′
2)|

|y1|n1 |y2|n2
f(x1 − y1, x2 − y2)χ

(1)

2lt (y1)χ
(2)

2ls(y2)dy1dy2.

Then

|σ2lt, 2ls ∗ S2l(t+u), 2l(s+v)f(x1, x2)| ≤ C b
1/q′

l ‖h‖q′

(

Lt,s(|S2l(t+u), 2l(s+v)f |q)(x1, x2)
)1/q

. (3.17)

‖σ2lt, 2ls ∗ S2l(t+u), 2l(s+v)f‖Lq(Rn1+n2) ≤ C bl l
2/q ‖h‖q′ ‖S2l(t+u), 2l(s+v)f‖Lq(Rn1+n2). (3.18)

‖ sup
t, s∈R

Lt,s(f)‖Lp(Rn1+n2) ≤ C bl l
2 ‖f‖Lp(Rn1+n2) for 1 < p < ∞. (3.19)

Proof By Hölder’s inequality, we have

|σ2lt, 2ls ∗ S2l(t+u), 2l(s+v)f(x1, x2)|

≤

(

∫ ∫

Rn1+n2

|h(|y1|, |y2|)|
q′

|Ωl(y
′
1, y

′
2)|

|y1|n1 |y2|n2
χ

(1)

2lt (y1)χ
(2)

2ls(y2)dy1dy2

)1/q′
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×

(

∫ ∫

Rn1+n2

|Ωl(y
′
1, y

′
2)|

|y1|n1 |y2|n2
|S2l(t+u), 2l(s+v)f(x1 − y1, x2 − y2)|

qχ
(1)

2lt (y1)χ
(2)

2ls(y2)dy1dy2

)1/q

≤ C ‖h‖q′ b
1/q′

l

(

Lt,s(|S2l(t+u), 2l(s+v)f |q)(x1, x2)
)1/q

,

and a direct integration gives inequality (3.18).

Observe that

Lt,s(f)(x1, x2)

=

∫ ∫

Rn1+n2

|Ωl(y
′
1, y

′
2)|

|y1|n1 |y2|n2
|f(x1 − y1, x2 − y2)|χ

(1)

2lt (y1)χ
(2)

2ls(y2)dy1dy2

=

∫ ∫

Sn1−1×Sn2−1

|Ωl(y
′
1, y

′
2)|

∫ 2l(s+1)

2ls

∫ 2l(t+1)

2lt

|f(x1 − r1y
′
1, x2 − r2y

′
2)|

dr1

r1

dr2

r2
dµ1(y

′
1)dµ2(y

′
2)

≤ C l2
∫ ∫

Sn1−1×Sn2−1

|Ωl(y
′
1, y

′
2)|

× sup
ρ1, ρ2 >0

{

1

ρ1ρ2

∫ ρ2

0

∫ ρ1

0

|f(x1 − r1y
′
1, x2 − r2y

′
2)|dr1dr2

}

dµ1(y
′
1)dµ2(y

′
2)

≡ C l2
∫ ∫

Sn1−1×Sn2−1

|Ωl(y
′
1, y

′
2)|M

y′

2
2 ◦ M

y′

1
1 f(x1, x2)dµ1(y

′
1)dµ2(y

′
2),

where M
y′

i

i denotes the Hardy-Littlewood maximal function acting on the i-th variable. Observe

that ‖M
y′

2
2 ·M

y′

1
1 f‖Lp(Rn1+n2) ≤ C ‖f‖Lp(Rn1+n2) for 1 < p ≤ ∞, and the bound C is independent

of the unit vectors y′
i ∈ Sni−1 (i = 1, 2). Therefore by Minkowski’s inequality, we obtain

inequality (3.19). Lemma 3 is proved.

When p = q, it follows from inequality (3.15) that

‖T u,v
l f‖S

α1, α2
q, q Ḟ (Rn1×Rn2)

≤ C l2/q

∥

∥

∥

∥

∥

(

∫ ∫

R2

|2−α1l(t+u)2−α2l(s+v)σ2lt, 2ls ∗ S2l(t+u), 2l(s+v)f |qdtds

)1/q∥
∥

∥

∥

∥

Lq(Rn1+n2)

,

and hence

‖T u,v
l f‖q

S
α1, α2
q, q Ḟ (Rn1×Rn2)

≤ C l2
∫ ∫

R2

‖2−α1l(t+u)2−α2l(s+v)σ2lt, 2ls ∗ S2l(t+u), 2l(s+v)f‖
q

Lq(Rn1+n2)
dtds

≤ C l4b
q
l ‖h‖

q
q′

∫ ∫

Rn1+n2

∫ ∫

R2

|2−α1l(t+u)2−α2l(s+v)S2l(t+u), 2l(s+v)f |qdtdsdx1dx2

= C l2b
q
l ‖h‖

q
q′

∫ ∫

Rn1+n2

∫ ∞

0

∫ ∞

0

|t−α1
1 t−α2

2 Ψt1,t2 ∗ f(x1, x2)|
q dt1

t1

dt2

t2
dx1dx2,

where the last inequality follows from inequality (3.18) of Lemma 3. Therefore,

‖T u,v
l f‖S

α1, α2
q, q Ḟ (Rn1×Rn2) ≤ C bl l

2/q ‖h‖q′ ‖f‖S
α1, α2
q, q Ḟ (Rn1×Rn2). (3.20)
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When p > q, there exists a function g ∈ Lr′

(Rn1+n2) (r = p/q), g ≥ 0, with unit norm such

that

‖T u,v
l f‖q

S
α1, α2
p, q Ḟ (Rn1×Rn2)

≤ C l2
∫ ∫

R2

∫

Rn1+n2

|2−α1l(t+u)2−α2l(s+v)σ2lt, 2ls ∗ S2l(t+u), 2l(s+v)f(x)|qg(x)dxdtds

≤ C l2 b
q/q′

l ‖h‖q
q′

∫ ∫

R2

∫

Rn1+n2

2−qα1l(t+u)2−qα2l(s+v)Lt,s(|S2l(t+u), 2l(s+v)f |q)(x)g(x)dxdtds

= C l2 b
q/q′

l ‖h‖q
q′

∫ ∫

R2

∫

Rn1+n2

|2−α1l(t+u)2−α2l(s+v)S2l(t+u), 2l(s+v)f(x)|qL̃t,sg(x)dxdtds

≤ C l2 b
q/q′

l ‖h‖q
q′

∫

Rn1+n2

∫ ∫

R2

|2−α1l(t+u)2−α2l(s+v)S2l(t+u), 2l(s+v)f(x)|qdtds sup
t, s∈R

L̃t,sg(x)dx

≤ C l2 b
q/q′

l ‖h‖q
q′

(

∫

Rn1+n2

(

∫ ∫

R2

|2−α1l(t+u)2−α2l(s+v)S2l(t+u), 2l(s+v)f(x)|qdtds

)r

dx

)1/r

×

(∫

Rn1+n2

| sup
t, s∈R

L̃t,sg(x)|r
′

dx

)1/r′

≤ C l2 b
1+q/q′

l ‖h‖q
q′ ‖f‖

q

S
α1, α2
p, q Ḟ (Rn1×Rn2)

‖g‖Lr′(Rn1+n2)

≤ C l2 b
1+q/q′

l ‖h‖q
q′ ‖f‖

q

S
α1, α2
p, q Ḟ (Rn1×Rn2)

.

The second inequality above follows from inequality (3.17) of Lemma 3; and the next to last

inequality follows from (3.19) of Lemma 3. Therefore,

‖T u,v
l f‖S

α1, α2
p, q Ḟ (Rn1×Rn2) ≤ C bl l

2/q ‖h‖q′ ‖f‖S
α1, α2
p, q Ḟ (Rn1×Rn2) for 1 < q < p < ∞, (3.21)

which together with inequality (3.20) imply that

‖T u,v
l f‖S

α1, α2
p, q Ḟ (Rn1×Rn2) ≤ C bl l

2/q ‖h‖q′ ‖f‖S
α1, α2
p, q Ḟ (Rn1×Rn2) for 1 < q ≤ p < ∞. (3.22)

Recall that if h ∈ Hq′ (R+ × R+), then ‖h‖q′ ≤ ‖h‖Hq′(R
+×R+) ≤ C < ∞. On the other

hand, if h ∈ Cq′ (R+×R+), then ‖h‖q′ ≤ 4l2/q′

‖h‖Cq′ (R
+×R+) ≤ C l2/q′

. Now set q = 2 in (3.22)

and by duality, we obtain

‖T u,v
l f‖S

α1, α2
p,2 Ḟ (Rn1×Rn2) ≤ C bl l

ν ‖f‖S
α1, α2
p,2 Ḟ (Rn1×Rn2) for 1 < p < ∞, (3.23)

where ν = 2 if h ∈ Cq′(R+ × R+), otherwise ν = 1 if h ∈ Hq′ (R+ × R+). Interpolating (3.23)

with (3.16) yields for 1 < p < ∞,

‖T u,v
l f‖S

α1, α2
p, 2 Ḟ (Rn1×Rn2)

≤


























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

Cq bl l
ν 2−l(u−1)θ12−l(v−1)θ1‖f‖S

α1, α2
p, 2 Ḟ (Rn1×Rn2) for 0 < θ1 ≤ 1, u, v ≥ 1,

Cq bl l
ν 2−l(u−1)θ22

vθ2
4δq ‖f‖S

α1, α2
p,2 Ḟ (Rn1×Rn2) for 0 < θ2 ≤ 1, u ≥ 1, v < 1,

Cq bl l
ν 2

uθ3
4δq 2−l(v−1)θ3‖f‖S

α1, α2
p,2 Ḟ (Rn1×Rn2) for 0 < θ3 ≤ 1, u < 1, v ≥ 1,

Cq bl l
ν 2

uθ4
4δq 2

vθ4
4δq ‖f‖S

α1, α2
p,2 Ḟ (Rn1×Rn2) for 0 < θ4 ≤ 1, u, v < 1.

(3.24)
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Interpolating (3.22) with (3.24) yields for 1 < q ≤ p < ∞,

‖T u,v
l f‖S

α1, α2
p, q Ḟ (Rn1×Rn2)

≤



























Cq bl l
νq 2−l(u−1)β12−l(v−1)β1‖f‖S

α1, α2
p, q Ḟ (Rn1×Rn2) for 0 < β1 ≤ θ1 ≤ 1, u, v ≥ 1,

Cq bl l
νq 2−l(u−1)β22

vβ2
4δq ‖f‖S

α1, α2
p, q Ḟ (Rn1×Rn2) for 0 < β2 ≤ θ2 ≤ 1, u ≥ 1, v < 1,

Cq bl l
νq 2

uβ3
4δq 2−l(v−1)β3‖f‖S

α1, α2
p, q Ḟ (Rn1×Rn2) for 0 < β3 ≤ θ3 ≤ 1, u < 1, v ≥ 1,

Cq bl l
νq 2

uβ4
4δq 2

vβ4
4δq ‖f‖S

α1, α2
p, q Ḟ (Rn1×Rn2) for 0 < β4 ≤ θ4 ≤ 1, u, v < 1,

(3.25)

where

νq =















2 if h ∈ Cq′ (R+ × R+),

1 if h ∈ Hq′ (R+ × R+), and q > 2,

2/q if h ∈ Hq′ (R+ × R+), and 1 < q ≤ 2.

Inequalities (3.13) and (3.25) imply that

‖Tlf‖S
α1, α2
p, q Ḟ (Rn1×Rn2) ≤ Cp,q lνq ‖Ω‖L1(El)‖f‖S

α1, α2
p, q Ḟ (Rn1×Rn2) for 1 < q ≤ p < ∞. (3.26)

It remains to prove the inequality (3.3) for 1 < p < q < ∞. We define the truncated singular

integral T
ǫ1,ǫ2
l f by

T
ǫ1,ǫ2
l f(x1, x2) =

∫

|y2|>ǫ2

∫

|y1|>ǫ1

h(|y1|, |y2|)Ωl(y
′
1, y

′
2)

|y1|n1 |y2|n2
f(x1 − y1, x2 − y2)dy1dy2

≡

∫ ∫

Rn1+n2

hǫ1,ǫ2(|y1|, |y2|)Ωl(y
′
1, y

′
2)

|y1|n1 |y2|n2
f(x1 − y1, x2 − y2)dy1dy2,

where hǫ1,ǫ2(|y1|, |y2|) = h(|y1|, |y2|)χǫ1(|y1|)χǫ2(|y2|), and χǫi
(|yi|) (i = 1, 2) is the charac-

teristic function defined on the set {yi ∈ Rni : |yi| > ǫi > 0}. Note that for 1 < q < ∞,

‖hǫ1,ǫ2‖Aq
≤ ‖h‖Aq

≤ C < ∞, where Aq is either Cq or Hq, and the bound C is indepen-

dent of ǫ1, ǫ2 > 0. Thus it follows that inequality (3.26) also holds for the truncated singular

integral T
ǫ1,ǫ2
l f , and the bound Cp,q is independent of ǫ1, ǫ2 > 0. By duality, we get

‖T ǫ1,ǫ2
l f‖S

α1, α2
p, q Ḟ (Rn1×Rn2) ≤ Cp,q lνq ‖Ω‖L1(El)‖f‖S

α1, α2
p, q Ḟ (Rn1×Rn2) for 1 < p < q < ∞.

Letting ǫ1, ǫ2 → 0, we obtain

‖Tlf‖S
α1, α2
p, q Ḟ (Rn1×Rn2) ≤ Cp,q lνq ‖Ω‖L1(El)‖f‖S

α1, α2
p, q Ḟ (Rn1×Rn2) for 1 < p < q < ∞,

which together with inequality (3.26) imply that

‖Tlf‖S
α1, α2
p, q Ḟ (Rn1×Rn2) ≤ Cp,q lνq ‖Ω‖L1(El)‖f‖S

α1, α2
p, q Ḟ (Rn1×Rn2) for 1 < p, q < ∞.

The proof of Theorem 1 is finished. �

Remark Since the technique used in the proof of Theorem 1 also works for one-parameter

case, we will state below the result for the the one-parameter case without its proof.

Theorem 2 Let h be a measurable function defined on R+. Let Ω be a function defined

on Sn−1 (n ≥ 2), which is homogeneous of degree zero and satisfies the usual cancellation

condition. For f ∈ S (Rn), define the singular integral Tf by

Tf(x) = p. v.

∫

Rn

Ω(y′)h(|y|)

|y|n
f(x − y)dy.
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Set

αq =















1 if h ∈ Cq′(R+),

1/2 if h ∈ Hq′(R+), and q > 2,

1/q if h ∈ Hq′(R+), and 1 < q ≤ 2.

If Ω ∈ L(log L+)αq(Sn−1), then for any p, q ∈ (1,∞), s ∈ R, T has a bounded extension on

Ḟ s, q
p (Rn). That is,

‖Tf‖Ḟ
s, q
p (Rn) ≤ Cp,q ‖Ω‖L(logL+)αq (Sn−1)‖f‖Ḟ

s, q
p (Rn) for 1 < p, q < ∞, s ∈ R.
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