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Abstract Significant emission enhancement of fluorescent
molecules placed in close proximity to metallic nanoparticles
has been observed. Recent advances in nanotechnology have
enabled the introduction of plasmon-enhanced molecular
fluorescence in various applications. Comprehensive theory
of the physics behind this enhancement mechanism has also
been developed. However, most of the existing analytical
tools are applicable mainly for particular nanoparticles in
either spherical or ellipsoidal shapes. Since the plasmonic
enhancement of molecular fluorescence is dependent on var-
ious parameters such as shape, size, and distribution of nearby
nanoparticles, it is crucial to have more powerful analysis
tools to be able to handle any arbitrary nanoparticles. For this
purpose, the 3D finite element method, which is a commonly
used technique for arbitrary structures, is implemented and
reported in this paper. The emitting molecule is assumed to be
an electric dipole point source. The fluorescence enhancement
factor is described in term of a local electric field-
enhancement factor and the quantum yield of the system.
The model is validated by comparison to the approximate
quasistatic model and the exact Mie theory. It provides more
accurate results than those of the quasistatic model, which
makes it become the powerful numerical approach for inves-
tigation of arbitrary nanostructure influence on molecular
fluorescence. It is then applied for investigating the emission
characteristics of the fluorescent molecule when it is placed in
the vicinity of more complicated structures including dimers
and chains of coupled nanoparticles. It is found that these
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coupled nanoparticle configurations provide stronger fluores-
cence enhancement than the single nanoparticle of the same
particle size when the inter-particle gap is small. It is attributed
to the higher electric-field enhancement in the inter-particle
gap region via strong surface plasmon coupling effects of two
neighboring nanoparticles.

Keywords Plasmon-enhanced fluorescence - Mie theory -
Quasistatic model - Finite element method

Introduction

Since the pioneering work of Purcell in 1946 that the sponta-
neous emission rate of a single emitter, e.g., atom, molecule,
and quantum dot, could be amplified by resonant coupling to
the external environment, tremendous research and develop-
ment have arisen based on this effect, the so-called Purcell
effect or the molecular fluorescence [1]. It means that the
lifetime of a molecule excited state depends not only on the
molecule itself but also on its surrounding environment. The
lifetime is controlled by both the radiative decay rate corre-
sponding to photon emission and the nonradiative decay rate
corresponding to energy dissipation into the external environ-
ment. It has been observed that the spontaneous emission of
the single fluorescent emitter is dramatically enhanced when it
is coupled to resonant cavities [2, 3], photonic crystals [4—6],
semiconductor quantum wells [7-9], metallic nanoparticles,
and surface or multilayer metal structures [10-20].

Among those, plasmonic enhancement of molecular fluo-
rescence near metallic nanoparticles has received much inter-
est due to its widespread utility in measurements and devices
in various fields such as chemistry, molecular biology, pho-
tonics, medicines, and material sciences [21]. In particular, it
has been used to enhance subwavelength imaging of local
electromagnetic field and probing of nanostructures [22, 23].
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Many other practical applications based on this fluorescence
enhancement have been found including surface plasmon
enhancement of light emitting diodes (LEDs) [24-26], pho-
tonic crystal lasers [27], and up-conversion luminescence for
improving solar cell efficiency [28-30].

Influence of metallic nanoparticles on the fluorescent emis-
sion of nearby molecules can happen in several ways includ-
ing (i) an enhancement of the incident light intensity excited
on the molecule via near-field enhancement near nanoparticles
which changes the probability of spontaneous photon emis-
sion, (ii) a modification of the radiative decay rate of the
molecule, and (iii) an increase in the coupling efficiency of
the fluorescence emission to the far-field via nanoparticle
scattering [21]. All these effects can be modified by shape,
size, distribution of nanoparticles, and distance of fluorescent
molecules to nanoparticles. These structural parameters of
nanoparticles determine their optical properties including lo-
calized surface plasmon resonance modes excited by an ex-
ternal field. It has been demonstrated in systems of specially
sized and arranged nanoparticles that at certain plasmon res-
onance frequencies, the light intensity in the near-field of the
nanoparticle could be enhanced up to 10% times for a single
nanoparticle (sphere or spheroid) [31], 10° times for two
coupled nanospheres [32], and 10° times for a chain of
coupled nanospheres [33] compared to the incident field.
Moreover, the enhancement of fluorescence is obtained when
the fluorescent molecule is placed in close proximity to the
nanoparticle at a distance of a few nanometers [34, 35].
However, there are also existing other cases that the fluores-
cence is quenched in a certain small molecule-nanoparticle
separation [36, 37]. The quenching and enhancement happen
in different ranges of distances. It is attributed to the fact that
the fluorescence is the product of two processes including the
excitation and emission mechanism. In the excitation mecha-
nism, the molecule is excited by the incident field, which is
further enhanced by the external environment, e.g., plasmon
resonances of the nanoparticle. Whereas, in the emission
mechanism, the molecule emits photon radiation, which is
influenced by the balance of radiative and nonradiative decay
rate [34, 38]. In addition, the scattering efficiency of nanopar-
ticles strongly effects on the fluorescence of nearby mole-
cules. The strong scattering results in the strong coupling
of the fluorescence emission to the far-field lead to the
enhancement of molecular fluorescence [39]. Therefore, in
order to have a comprehensive understanding of the elec-
tromagnetic interaction between emitters and metallic
nanostructures, it is crucial to study the dependence on
plasmon energy and nanoparticle-scattering efficiency of
the plasmon-enhanced molecular fluorescence. A deeper
understanding of this interaction will provide more oppor-
tunities to optimize this fluorescence enhancement for
many practical molecule-based measurement and device
applications.

@ Springer

There has been extensive theoretical and experimental
research on the influence of metallic nanoparticles on the
molecular fluorescence. Among those, much attention is paid
for a composed system of strongly coupled nanoparticles, e.g.,
dimers and a molecule [40—44], since these coupled nanopar-
ticles result in strong near-field enhancement in inter-particle
gap regions. One of the most widely used analytical methods
to deal with dimers is the generalized Mie theory [45, 46].
However, most of these nanoparticles are in spherical shapes
and in particular alignment, while other nanoparticle shapes
and distribution such as bowtie and aligned nanowires may
offer more enhancement of molecular fluorescence, since they
are able to ultimately enhance the near-field via anomalous
strong surface plasmon coupling [47]. These plasmonic nano-
antennas produce amplified local fields, particular when prop-
er pumped resonantly, leading to enhance Raman scattering
[48]. Several theoretical and numerical methods including the
Green’s tensor method [49], the boundary element method
(BEM) [50], the finite difference time domain (FDTD) meth-
od [51], the finite integration technique (FIT) [52], and the
finite element method (FEM) [53] have been employed to
model the composed systems of molecules and nanoparticles
with the elaborated geometries and arbitrary shapes. Among
them, the FDTD and FEM methods are commonly used for
the analysis of irregular geometric particles and most of the
commercial modeling tools based on. However, the FDTD
method may be non-ideal for dealing with the curved geom-
etries such as spheres and ellipsoids since its discretization
technique may cause computational errors due to staircase
effects. In contrast, the FEM method is more suitable for
investigating the curved geometries since its meshing tech-
nique employs tetrahedra to smoothly follow curved bound-
aries, which provides higher spatial resolution and quantita-
tive accuracy [53]. Previous theoretical research on the fluo-
rescent molecule-nanoparticle interaction based on the FEM
method was limited to how power and scattered field were
radiated to the far-field. There are no prior FEM-based works
to predict plasmonic enhancement of molecular fluorescence
caused by complex metallic nanostructures. In addition, the
light emission source of the fluorescent molecule was as-
sumed to be a line source of an electric dipole with a finite
length of 1A or 1 nm while it should be a point source in
nature. Indeed, a length of line source may effect on calculated
molecular fluorescence [53].

In this work, I investigate several plasmonic nanostructures
that are promising to significantly enhance the molecular
fluorescence using the FEM method. In contrast to the previ-
ous works using a line source for light emission, a point source
is used in this work. The model is validated by comparing to
the exact electrodynamical theory (Mie theory) [54] and the
quasistatic model [55, 56] for a single sphere-molecule case.
Here, I study the plasmonic enhancement of the molecular
fluorescence caused by a dimer and a chain of coupled
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nanoparticles. The results indicate that a huge fluorescence
enhancement of >3000 is obtained as the molecule is placed in
small inter-particle gap regions while that of a single nanopar-
ticle case is just about 9. It is attributed to the fact that in these
areas, the ultimately high electric-field enhancement is
achieved due to the extremely strong surface plasmon cou-
pling of the neighboring nanoparticles.

Methods

The overall fluorescence yield, a key parameter determines the
fluorescent characteristic of an elementary emitter (molecule,
atom, or quantum dot), is based on the product of two factors:
the intensity enhancement factor (G) for the excitation light
and the quantum yield (Q) of the emitter in the vicinity of
metallic nanoparticles. Given the driving field to be in the
same direction as the molecular dipole moment, the overall
fluorescence yield or the fluorescence enhancement factor (F)
is described as follows:

2
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where E (E)) is the electric field with (without) metallic
nanoparticles; 7~, Y%, and 4" are the radiative, nonradiative,
and total decay rates of the molecule-nanoparticle system,
respectively. The ratio of the radiative to the total decay rates
is defined as the quantum yield along with an assumption of
the intrinsic quantum yield of the molecule to be unity. In the
following sections, the exact Mie theory and the quasistatic
model for a single spherical nanoparticle influence on the
molecular fluorescence are briefly presented. These analytical
models are used to validate the FEM model. Then, the FEM
model will be employed to investigate more complicated
metallic nanostructures for plasmonic enhancement of the
molecular fluorescence. In these models, the external excita-
tion of the electric field is considered to be a plane wave (E=
1 V/m). The molecule is assumed to be a dipolar source. All
simulation results are done for the electric field which is
linearly polarized along the dipole orientation corresponding
to the radial dipole orientation while those for the tangential
dipole orientation are neglected. The tangential dipole orien-
tation was ignored since the excitation under this condition
does not yield strong nanoparticle coupling, especially for
systems consisting of coupled nanoparticles, which are mainly
investigated in this work [43, 57].

E
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Electrodynamical Theory

In this section, the exact solution for the light-spherical nano-
particle interaction problem is presented. It is usually
employed to compute the overall fluorescence yield F=GQ.

Since the emitting light from the molecule can be assumed to
be an ideal dipole, the problem is resumed to be a dipole-
sphere interaction, which can be solved exactly by the Mie
theory [58]. For a radial dipole located outside the sphere in
vacuum at a position 7, the electric-field enhancement factor G
for an excited plane wave of frequency w,y. is given by [54]:

E 2
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where 7 is an angular mode number, k. =wex/c is the
wavenumber, c¢ is the speed of light in vacuum, the function
Wn(kexcr): (ﬂ-kexcr/z)l/zjnﬂ/Z(kexcr) with Jn+1/2(kexcr) being the
spherical Bessel function, the function (,(kexc?)=(Tkexc?/
) 2HD, 1 a(kexer) with HY,,. 1 5(kexer) being the spherical
Hankel function of the first kind [59], and b,, is the Mie
coefficient defined as follows:
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where R is the sphere radius and e(wey) is the nanoparticle
dielectric permittivity.

To determine the quantum yield O, we need to compute the
radiative, nonradiative, as well as the total decay rates of a
molecule near a metallic sphere. They are calculated based on
the rate of energy carried away from the molecule. The radi-
ative rate is determined by the energy radiated to infinity (or
far-field), while the nonradiative rate is calculated by the
energy lost in the form of Joule heat into any dissipative
medium present. Then, the total rate is given byy'*'=~%+
AR, With a given decay rate ~, in the absence of the sphere,
we obtain [52, 54]
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where k.mi=wemi/c 1s the wavenumber, wey,; 1s the frequen-
cy of the emitted light and b,, is the Mie coefficient defined as
in Eq. 3 but replacing ke by kemi- Hence, the quantum yield O
is given by:

’YR(U)emia I’) 7o
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Quasistatic Model

The quasistatic model was introduced by Gersten and Nitzan,
which is accurate for spheres with radius R much smaller than
the wavelength of light (R <<A. e, Aemi) [55]. In this model,
retardation effects are omitted so that the problem can be
solved using the electrostatic approach. The nearby molecule
is assumed to be an oscillating point dipole. With these as-
sumptions, the G factor for the molecule placed at a position
near a sphere with radius R in free space, made of a material
with dielectric permittivity e(weyc) is given by:

312
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The spontaneous radiative decay rate of a dot-like molecule
in a close proximity to a small sphere (R <<A¢xc, Aemi) can be
calculated using the following formula:

512
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while the formula to calculate the total decay rate of the
molecule is written as

tot (
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It is seen that from Eq. 9, the total decay rate tends to infinity
as the molecule approaches to the nanoparticle surface (»->R).
Hence, the quantum yield Q will tend to zero. In this case, the
fluorescence is quenched and the most excited molecule energy
converts into heat by means of Joule losses (heat losses). The
fluorescence quenching causes serious difficulties in the efforts to
enhance light emission of the florescent molecule by nearby
metallic nanostructures. Since the maximum achievable plas-
monic enhancement of the molecular fluorescence is obtained

@ Springer

at plasmonic resonance modes of the nearby metallic nanostruc-
tures, we need to optimize their geometric parameters including
their size, shape, distribution, and molecule-nanostructure sepa-
ration. This optimization along with encountering the fluores-
cence quenching issue is really a big challenge in this
nanoplasmonic-enhanced molecular fluorescence field. There-
fore, the development of theoretical methods that allows the
investigation of the interaction of light and metallic nanostruc-
tures with arbitrary shapes and distributions is very crucial to
enhance light scattering and reduce heat losses (or absorption
losses). A better understanding of this interaction will provide
more opportunities to maximize the fluorescence enhancement
and to minimize the fluorescence quenching.

FEM Model

One of the most efficient numerical methods to deal with
arbitrary structures is the FEM method. In this model, the
fluorescent molecule is assumed to be an electric dipole
source, which has an intrinsic quantum yield of unity (i.e.,
each photon absorbed by the molecule results in a photon
emitted). Given the electric field generated by the electric
dipole moment p oriented along the z-axis, the radial compo-
nent of the near-field electric field is described as [53]

E ="

= 10
J2MWemicor? (10)

where 7 is a distance from the point source to the center of
the nanoparticle.

Given a normalized electric field E,=1, we yield the dipole
moment as follows:

Ip| = 2mwemicor. (11)

The intensity enhancement from the excited plane wave £
measured at the dipole source is given by

2

£y (12)
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while the quantum yield is defined as the ratio of the power
radiated to the far-field P,,q and the total power consisting of
the radiated power and Ohmic loss in the nanoparticle Py,
(the power absorbed by the nanoparticle)

P rad

Wexey V') = —————.
Q( e ) Prad"'Pabs

(13)

In all FEM simulations, molecule-nanoparticle systems
were embedded within a spherical computational domain that
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was bounded by a perfectly matched layer (PML) to prevent
unexpected reflections. The radiated power was calculated by
integrating the flux of the Poynting vector on a closed spher-
ical surface of an inner bound of PML. The absorbed power
was computed by integrating the divergence of the Poynting
vector in the nanoparticle. The quantum yield definition can
also be considered as the one in the surface plasmon-enhanced
Raman scattering field in which it is defined as the ratio of the
scattering cross-section and the extinction cross-section of the
light-nanoparticle system.

Plasmonic Enhancement of Molecular Fluorescence
Single Sphere

To validate the FEM model, I compared it with the exact Mie
theory, and the quasistatic model for investigating the molec-
ular fluorescence of an emitter placed in a close proximity of a
single Ag sphere. The composed emitter-sphere system is
shown as an inset in Fig. 1. The figure depicts the quantum
yield of the emitter placed at a distance dr=10 nm to a Ag
sphere of radius R=60 nm with respect to the emission wave-
length calculated by the provided three models. The particle
size is arbitrary chosen for benchmark purposes. The internal
quantum efficiency of the emitter is assumed at 100 %. The
complex refractive index of Ag was taken in [60]. In order to
take all available modes into account, the angular mode num-
ber n=60 was used in the exact and quasistatic model [61].
There is a clear discrepancy in the resulted quantum yield
using the quasistatic model compared to others because this
model is only accurate for small spheres with radius <10 nm.
The FEM model provides a better agreement to the exact Mie
theory. It can be even more accurate if the meshing resolution
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2 0.2 —— FEM
o
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200 300 400 500 600 700 800
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Fig. 1 Dependencies of quantum yield Q on the emission wavelength
calculated by the quasistatic model (black), the finite element method
(red), and the exact electrodynamical theory (blue), respectively. Inset: an
emitter placed near a Ag sphere of radius R=60 nm at a distance to the
sphere surface dr=10 nm

is finer. From the figure, it is found that at the emission
wavelength 330 nm of the molecule, the emitting light is
totally absorbed by the sphere and no light is scattered to the
far-field. It corresponds to its quantum yield tend to zero. For
wavelengths <330 nm, the small quantum yield corresponds
to the small scattering of the sphere. In contrast, for wave-
lengths >330 nm, the quantum yield gradually increases and
becomes broader because of the near-field coupling of the
localized electric field of the particle and the emitted field of
the emitter. Figure 2 shows the calculated quantum yield of the
emitter at the emission wavelength 480 nm with respect to its
distance to the sphere’s surface (R=60 nm). It again demon-
strates that the FEM model provides more accurate results
than the quasistatic model and thus confirms its validation. To
further convince the FEM’s validation, a variation of the
fluorescence factor F' of the molecule effected by the smaller
sphere (R=45 nm) with respect to its distance to the sphere’s
surface is plotted in Fig. 3. In this simulation, the emission
wavelength of the molecule was assumed to be at 480 nm
under the excitation plane wave at 410 nm. It is obvious that
the FEM model remains in better accuracy than the quasistatic
model and is in good agreement with the exact theory.

Dimer of Spheres

After the FEM model for nanoplasmonic enhancement of
single-molecule fluorescence is validated, it is applied to
investigate more complex nanostructures for fluorescence
enhancement. The first nanostructure is examined to be a
dimer of two Ag spheres since this structure provides a strong
electric-field enhancement in the gap of the dimer. It is prom-
ising to yield a strong molecular fluorescence enhancement of
the fluorescent molecule when it is properly placed in the
inter-particle gap. The dimer is depicted in Fig. 4a. Numerous
simulations were carried out for various dimer dimensions,

1.0 -
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—=— Quasistatic model
—— FEM
—— Exact theory
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Distance to nanoparticle dr (nm)

Quantum yield (a.u.)
(=]
-

Fig.2 Variation of quantum yield Q with respect to distance to the sphere
surface calculated by the quasistatic model (black), the finite element
method (red), and the exact electrodynamical theory (blue), respectively.
Inset: a fluorescent molecule emitting at 480 nm placed near a Ag sphere
of radius R=60 nm
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Fig. 3 Variation of fluorescence enhancement factor F with respect to
distance to the sphere surface calculated by the quasistatic model (black),
the finite element method (red), and the exact electrodynamical theory
(blue), respectively. Inset: a fluorescent molecule emitting at 480 nm
under the excitation plane wave of A=410 nm placed near a Ag sphere
of radius R=45 nm

sphere radius R and inter-particle gap dr, to ensure maximum
fluorescence factor F. Optimization began with a dimer of
fixed inter-particle gap dr=3 nm. The highest resulting quan-
tum field was R=45 nm, as shown in Fig. 4b. In addition, the
closer the nanoparticles, the stronger electric enhancement
will be found in the inter-particle gap region, as seen in
Fig. 4c. It yields that the fluorescence factor is higher as the
molecule is placed inside the smaller inter-particle gap. The
fluorescence factor of the dimer is compared to the single
sphere of the same radius, as shown in Fig. 5b. For a large
distance to the sphere surface dr >17 nm, the dimer acts as an
individual sphere; while for a short distance dr <17 nm, the
increased capacitive coupling of two neighboring spheres
results in large electric-field enhancement, as shown in
Fig. 5c, which yields higher fluorescence enhancement factor

Fig. 4 a Sketch of dimer of two
Ag nanoparticles where an
emitter is placed in the inter-
particle gap. b Quantum yield Q
as a function of radius R. ¢
Intensity enhancement with
respect to distance to the sphere
surface dr. An emitter was

than that of the single sphere. Furthermore, it is seen from
Fig. 5d that in the single sphere case, the energy is quenched
as the molecule is placed gradually close to the sphere’s
surface dr <6 nm; whereas in the dimer case, the energy
quenching is not visible until dr <1 nm. The dimer provides
a significant enhancement of the radiative decay rate and only
a marginal enhancement of the nonradiative decay rate com-
pared to the single sphere, which causes no energy quenching
until the molecule gets much closer to the sphere’s surface.

Chain of Spheres

The second nanostructure is investigated to be a self-similar
chain of four Ag spheres. The chain consisting of spheres with
progressively decreasing sizes was employed to realize
nanolenses in the past. It was demonstrated that in the gap
between the smallest spheres, local electric fields were ulti-
mately enhanced by orders of magnitude due to the cascade
effects of its geometry and a high Q-factor of the localized
surface plasmon resonances [33]. This anomalous feature has
inspired several nanofocusing applications. However, the pos-
sibility of the enhanced fluorescence using this chain has not
been reported. Here, I propose putting the fluorescent mole-
cule in the gap between the smallest nanospheres, as shown in
Fig. 5a.

As expected, the molecular fluorescence was significantly
enhanced; and thus, the fluorescence enhancement factor is
higher than that of the dimer and single sphere. In contrast to
the dimer, the chain’s F factor always surpasses that of the
single sphere even if dr >17 nm, as shown in Fig. 5b. It is
attributed to the cascade effects of its geometry resulting in a
strong electric-field enhancement inside the gap of the
smallest spheres. Similar to the dimer, the energy quenching

assumed to emit at 480 nm under 0.9+ 3500
o - — c
the excitation plane wave of A= 0.8 = 3000-
410 nm 5 £
& 0.74 E 2500
- £ 1
'Ti 0.6+ 3 2000 —e—R=45nm
S 1500
£ 0.5 £
2 $ 1000+
g 0.4 %’ 500
0.3
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Radius of nanoparticle (nm)
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Fig. 5 a Geometry of a chain of
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is not visible until the molecule gets much closer to the
sphere’s surface (dr <1 nm), as shown in Fig. 5d. Although
the quantum yield of the molecule affected by the chain is
smaller than that of the dimer, the intensity enhancement
caused by the chain is much larger than that of the dimer,
which thus results in the higher fluorescence enhancement
factor. Since plasmon resonant characteristics of the chain
are dependent on size, shape, distribution, and inter-particle
gap of nanoparticles, the fluorescence enhancement factor can
be obtained at the strongest attitude if the desired emission and
excited wavelength are coupled to surface plasmon resonance
wavelengths of the chain. In this work, I do not pay much
attention on the optimization to achieve the highest enhance-
ment factor; instead, I focus on demonstrating the possibilities
to significantly enhance the molecular fluorescence using the
investigated chain. Based on the great enhancement of molec-
ular fluorescence by the chain, this system will undoubtedly
facilitate the development of new nanoparticle chain-molecule
fluorescence toward high-efficiency molecular fluorescence-
based measurements and devices [62].

The FEM model highlighted here may allow exploring
more complicated plasmonic nanostructures, which is
promising to enhance up-conversion of sub-bandgap sun-
light. Recently, plasmonic enhancement of light intensity
up to 10° in up-conversion layer of silicon solar cells has
been demonstrated with core-shell ring resonators in near-
infrared wavelengths [63]. Plasmonic resonances provide a
stronger light concentration essential for a higher efficien-
cy nonlinear optical up-conversion. Along with the model,
it allows predicting the up-conversion contributed to the

overall photo-current generation efficiency. Much more
plasmonic structures, which provide stronger intensity en-
hancement, will be explored in order to achieve larger
conversion efficiencies than what are currently available
in energy-harvesting devices, in particular when optimized
designs are considered.

Conclusions

In this paper, I have presented a numerical model of en-
hanced molecular fluorescence near the metallic nanostruc-
tures. The model is based on the finite element method,
which allows dealing with arbitrary particle geometries.
The accuracy of the model was validated by comparing to
the exact electrodynamical theory and the existing
quasistatic model. The model provided an excellent agree-
ment to the exact solution for the single-molecule fluores-
cence problem. The model was then employed to investigate
complex nanostructures including the dimer and the chain of
coupled nanoparticles, which yielded higher fluorescence
enhancement of the fluorescent molecule when it was prop-
erly placed in the small gap between nanoparticles than that
of the single sphere. Among those, the chain of coupled
nanoparticles provided possibilities to achieve much higher
fluorescence enhancement than others, which were firstly
reported in this work. Apparently, the model is very useful
to investigate more complicated structures to explore possi-
bilities of enhanced molecular fluorescence.
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